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Problems of spherical trigonometry in 17th- and 18th-century China were often reduced to problems in
plane trigonometry and then solved by means of the proportionality of corresponding sides of similar right
triangles. Nevertheless, in the literature on the history of Chinese mathematics, there is not much discussion
on the transformation and reduction of spherical problems to the plane, and how the techniques utilized for
such transformations evolved over time. In this article, I investigate the evolution of the transformation media
involved. I will show that in the trigonometric treatises by Mei Wending (1633–1721) and Dai Zhen (1724–
1777), the authors’ views on Western learning shaped their choices of transformation media, and conversely
their choices of transformation media oﬀered support to their views on trigonometry in the debate of Chinese
versus Western methods. Based on my analysis, I also propose a reassessment of Dai’s treatise of trigonometry,
which was controversial ever since its publication in the 18th century.
˘ 2009 Elsevier Inc. All rights reserved.摘要
在十七十八世紀的中國, 球面三角學的問題, 常被轉換成平面三角的問題, 再用相似直角三角形對應邊成比
例的性質解決。 但中國數學史的文獻, 似乎沒有系統地討論相關的議題；例如: 問題如何由球面轉化成平面、
或是轉換中 需的媒介或技術的演變過程。 在本文中, 我們將討論其中有關轉換媒介及其演化過程的問題。
在梅文鼎與戴震的著作中, 我們將可見, 學者們的西學觀影響了其對轉換媒介的選擇； 反而言之, 其選擇的媒
介又被用於支持其對三角學的看法。根據我的分析, 我建議對戴震的三角學著作提出新的評估。
˘ 2009 Elsevier Inc. All rights reserved.
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Spherical trigonometry in 17th- and 18th-century China 631. Introduction
Spherical trigonometry as the computational basis for astronomy is built on and utilizes
the basic properties of plane trigonometry. Problems in spherical trigonometry are solved
by associating arcs in spherical triangles or quadrilaterals with their trigonometric line
segments in three-dimensional space, or by ﬁrst transforming the spherical ﬁgures, via pro-
jection or three-dimensional solids, to right triangles in the plane and then making use of
algorithms developed in plane trigonometry. In this paper, I will examine the evolution of
the “media” used for such transformations in China over the period from the early-17th
century to the mid-18th century.1 Speciﬁcally, I will analyze several trigonometric treatises
authored by the Jesuit missionary Giacomo Rho (1593–1638?), by Mei Wending 梅文鼎
(1633–1721), and by Dai Zhen戴震 (1724–1777). For the latter two Chinese scholars, I will
also attempt to relate their choices of transformation media to their views on Western
learning.
Throughout Chinese history, astronomy has been closely associated with calendrical sci-
ence and calendar making.2 The calendar mattered politically to the court in many ways;
for example, an unpredicted yet veriﬁed solar eclipse could be interpreted as a sign of
the emperor’s lack of virtue.3 Many historians of mathematics contend that trigonometry
was introduced to China by the Jesuits in the 17th century as part of calendar reform
eﬀorts.4 Spherical trigonometry in 17th-century China was considered an integral part of
astronomy, being the basis for the computations in calendar-making. Problems in astron-1 We will see below that the media of transformations are three-dimensional geometrical conﬁgu-
rations, i.e. solids, and the surfaces of these solids. The transformation via projection will not be
discussed here.
2 Li 曆, the Chinese character for “calendar,” has several distinct meanings, as Nathan Sivin
describes in Sivin [2009, 38–40]. Among these meanings is the embodiment of “a system of
mathematical astronomy.” It is in this context of li that I will use the word “calendar.” The calendar
reform below therefore means an astronomical reform—a project designed to produce a new
computational system to improve the content of almanacs.
3 The cosmos, the governance of an emperor, the calendars, and the predictions of cosmic anomalies
were intricately linked in the Chinese (Confucian) political system. For further discussions of the role
of the calendar at the Chinese court, see Elman [2005, 63–65], Tian Miao [2005, 9–13], and Sivin
[2009, 556–557].
4 See Li Yan [1927, 197, 217] and Bai Shangshu [1963]. Historians of Chinese mathematics in
general believe that the Chinese did not have the concept of angles until the Jesuits introduced it at
the end of the 16th century, and hence that a systematic trigonometry was never developed in China.
Christopher Cullen thinks that no trigonometrical methods were available in China prior to the
arrival of the Jesuits in the 16th century, with the exception of a table of tangents from the 8th
century; see Cullen [1982, 18]. Yet, many Chinese scholars such as Liu Hui劉徽 (220?–280?), Zhao
Youqin 趙友欽 (1271–1335?), and Guo Shoujing 郭守敬 (1231–1316) obtained many important
results in astronomy and geometry that may be construed as results in trigonometry (see Liu Dun
[1993, 425–426]). I will survey these results in Section 2. As early as the 1480s, inaccurate eclipse
predictions and discrepancies in the Ming Datong calendar were noted but explained away as due to
the diﬀerence of location between the observations in Nanjing and those in Beijing. The actual
calendar reform, the replacement of the computational system, did not occur until 1629. For the
calendar crisis in late Ming China, see Elman [2005, 73–80]; for a brief historical background of the
calendar reform, see Tian Miao [2005, 43–49]; for the late Ming calendar reform and the role played
in it by the Jesuits, see Elman [2005, 84–106].
64 Jiang-Ping Jeﬀ Chenomy were often of one of two forms: ﬁnding the distance between two points on the celes-
tial sphere, and ﬁnding the angle between two intersecting arcs. Here distance is deﬁned as
the length of the great arc connecting the two points. In general, problems in spherical trig-
onometry were formulated as ﬁnding the length of a side or an angle of a spherical triangle
or quadrilateral.
Both Jesuit and Chinese scholars in the beginning of the 17th century employed the fol-
lowing two fundamental properties to solve problems in trigonometry: proportionality of
the corresponding sides of similar (right) triangles, and the Pythagorean theorem, known
in Chinese as the gougu 句股 theorem.5 Both were described in terms of right triangles
in the plane. To analyze and solve problems on the sphere with these two properties, spher-
ical ﬁgures or their sides (i.e., arcs) in three-dimensional space had to be associated with
similar right triangles in the plane. Jesuit and Chinese scholars used diﬀerent transforma-
tion media to carry out this process. By a “transformation medium,” I mean a geometric
conﬁguration, a solid, side surfaces of a solid, or in general a means by which a spherical
problem is analyzed using families of similar right triangles in the plane, hence by means of
which it is eﬀectively transformed to a problem in the plane. By this deﬁnition, an orthog-
onal projection from three-dimensional space to a two-dimensional plane should be consid-
ered as a medium; however, I will not consider projections in this paper.6
In 17th- and 18th-century China, the choices of transformation media that brought trig-
onometrical problems from the sphere to the plane not only reﬂected the mathematical
understanding and expansion of Jesuit trigonometry by Chinese scholars, but also repre-
sented various views of Chinese scholars on Western learning in general. When contrasted
with the scholars’ views on Western learning, the subtle variations in their choices of other-
wise very similar transformation media appeared to be motivated more by external factors
than by the criterion of internal mathematical advancement. To examine the evolution of
transformation media, I will consider several treatises that are representative of the various5 The characters gou 句 (hook), gu 股 (thigh), and gougu together can be found in the Zhoubi
suanjing 周髀算經 (Mathematical Classic of the Gnomon of Zhou [Dynasty], hereafter Zhoubi, ca.
100 BCE). Gou and gu stand for the two shorter sides of a right triangle and gougu together for the
L-shaped trysquare or ju矩 (see Cullen [1996, 77–78]) as well as for a right triangle itself (gougu xing
句股形). When contrasted with Jesuit trigonometry, gougu was also used to represent Chinese
methods. The proportionality of corresponding sides of similar triangles holds true for right
triangles as well as for general triangles; however, in 17th- and 18th-century China, in analyzing and
solving trigonometric problems, only that for right triangles was utilized. Christopher Cullen [1996,
77–78] argues that the ancient Chinese, at least in the Zhoubi and its commentary, used the similarity
of trysquares instead of right triangles. In the subsequent discussion of transformation media, we
will see that the Pythagorean Theorem is seldom mentioned because the utility of a transformation
medium depends on how similar right triangles can be constructed on or via the medium and how
the proportionality property of similar right triangles is applied.
6 The problems formulated with general spherical triangles can either be solved by dividing the
triangle in question into two spherical right triangles and then utilizing the algorithms derived from
the analyses discussed in this paper; or be projected ﬁrst and then analyzed using families of right
triangles in the plane. Both Chinese scholars treated in this article, Mei Wending and Dai Zhen,
considered the type of problems formulated with right triangles and that involving general triangles
(without a right angle) as distinctively diﬀerent from each other and explained them separately in
diﬀerent treatises or diﬀerent parts of a single treatise. The focus of this paper is on the evolution of
the transformation media utilized in the analyses of problems formulated in terms of spherical right
triangles or quadrilaterals. Therefore I will not consider the technique of projection here.
Spherical trigonometry in 17th- and 18th-century China 65media introduced in 17th- and 18th-century China. Incidentally, they also represent various
phases of the introduction and reception of Jesuit mathematics in China.7
The publication of the translation of the ﬁrst six books of Euclid’s Elements in 1607 by
Matteo Ricci (1552–1610) and Xu Guangqi 徐光啓 (1562–1633) and the compilation and
translation of mathematical and astronomical treatises during the years 1629–1634 as part
of the calendar reform have been seen by modern historians of Chinese mathematics as the
main components of the introduction of Jesuit mathematics into China.8 Xu Guangqi and
his successor as the head of the calendar reform, Li Tianjin李天經 (1579–1659), presented
a number of mathematical and astronomical treatises to the court, which became known as
Chongzhen lishu崇禎曆書 (Astronomical Compendium of the Chongzhen Reign).9 Among
them, Celiang quanyi測量全義 (Complete Principles of Measurement, hereafter abbreviated as
Complete Principles) and Dace大測 (Grand Measurement) were the ﬁrst two trigonometric trea-
tises in Chinese compiled and adapted from European sources by Jesuit scholars and their
Chinese collaborators.10 Spherical trigonometry was not discussed in Grand Measurement. In
Complete Principles, problems on the sphere were analyzed directly using the trigonometric lines
associated with the arcs of the right triangles in question. The treatises in Chongzhen lishu con-
stituted the ﬁrst of the three phases of the calendar reform described by Xu Guangqi in 1631:
fanyi, huitong, and chaosheng 翻譯, 會通, 超勝 (“translate, integrate, and surpass”).11
Many Chinese scholars tried to comprehend Jesuit mathematics and then “integrate (hui-
tong)” it with Chinese learning.12 Mei Wending梅文鼎 (1633–1721), in one of his trigono-7 For a general discussion of Chinese mathematics before the arrival of the Jesuits, the societal and
cultural background against which Jesuit mathematics was introduced into Ming China, and its
reception in the Early Qing, see Tian Miao [2005, 1–133]. For the state of Chinese traditional
mathematics in late Ming China, see Engelfriet [1998, 98–102].
8 For the reception of the translation of Euclid’s Elements in Ming China, see Engelfriet [1998,
289–350]. For Xu’s views on the integration of Jesuit and Chinese mathematics, see Tian Miao
[2005, 54–66] and Engelfriet and Siu [2001]. For Xu’s role in translating the Elements and in the
calendar reform, see Hashimoto [1988] and Hashimoto and Jami [2001].
9 For the mathematics in Chongzhen lishu, see Jami [1998]. This compendium was later presented to
the Qing court by Adam Schall under the name Xiyang xinfa lishu 西洋新法曆書 (Astronomical
Compendium according to the New Western Methods) and ﬁnally included in Siku quanshu四庫全
書 (The Complete Texts of the Four Repositories, hereafter SKQS) as Xinfa suanshu 新法算書
(Mathematical Compendium according to the New Methods). See SKQS [Vols. 788–789].
10 The material in Complete Principles relating to trigonometry was translated and adapted by Rho
and his Chinese collaborators from Giovanni Antonio Magini’s De Planis Triangulis (1604) and
Trigonometricae Sphaericorum (1609), Clavius’ Geometriae Practicae (1611), and Tycho Brahe’s
Astronomiae Instauratae Progymnasmata (1602); see Bai Shangshu [1984]. The content of Grand
Measurement was taken from Bartholomaeus Pitiscus’s (1561–1613) Trigonometriae and Simon
Stevin’s (1548–1620) Memoires Mathematiques; see Bai Shangshu [1963].
11 The text reads, “欲求超勝必須會通, 會通之前先須翻譯 (In order to surpass, it is necessary to
integrate; before integration, ﬁrst [it is] necessary to translate [their calendrical treatises]).” See Xu
Guangqi [1631, 39]. The goal, “to surpass,” was to achieve more accurate astronomical predictions
of anomalies.
12 The concept of huitong can be found in Matteo Ricci’s memorial to the court of 1601. Ricci,
in order to promote the acceptance of the Western maps, mathematics, and astronomical devices
by the Chinese court, emphasized the similarity of Chinese and Western methods. The text reads:
“天地圖及度數. . .與中國古法吻合 (the map of the heaven and earth, the measurement and the
methods . . . match the ancient Chinese methods)”; see Ricci [1601], cited from Tian Miao [2005,
117].
66 Jiang-Ping Jeﬀ Chenmetric treatises, Qiandu celiang塹堵測量 (Measured with Right-Triangular Prisms, hereaf-
terMeasured with Prisms),13 asserted that Chinese and Jesuit methods were mathematically
equivalent (tong 通).14 In Measured with Prisms, Mei described the commonality of
the Western and Chinese methods—utilizing geometric solids and their surfaces as media
to bring problems on the sphere to the plane. The Western method, Mei contended, used
a tetrahedron corresponding to a spherical right triangle, while the Chinese method
employed a pyramid corresponding to a spherical quadrilateral. By showing that the two
solids were analyzed in exactly the same way and were “complementary” to each other,15
he demonstrated that the solids used in the Western and in the Chinese method were gov-
erned by the same principles, and therefore that they were equivalent. This view of Mei
Wending, one of the most prominent and inﬂuential Chinese mathematicians in Qing
China, had a tremendous impact on later Chinese scholars and their views on Western
learning.16
In discussing Chinese and Jesuit methods, some Chinese scholars had a vague notion, be
it true or not, that Western mathematics had been known to ancient Chinese scholars, or
that Western scholars had stolen the basic principles of mathematics from the Chinese.17
The Kangxi Emperor (1654–1722), to justify his own study of Jesuit mathematics and to
legitimize the adoption of Jesuit astronomy, claimed in unambiguous terms that the prin-
ciple of compiling calendars (liyuan暦原) had in fact originated in China.18 Dai Zhen戴震
(1724–1777), one of the central ﬁgures in the movement of restoration of ancient learning
and of evidential scholarship (kaozhengxue 考證學) that took place in the 18th century,
held a related yet somewhat diﬀerent view in his treatise Gougu geyuan ji 句股割圜記
(Records of Base-Altitude and Circle-Division, hereafter the Records).1913 A qiandu塹堵 is a special kind of solid already discussed in the Jiuzhang suanshu九章算術 (Nine
Chapters on the Mathematical Art; hereafter the Nine Chapters). Mei Wending’s treatise and the
deﬁnition of a qiandu will be discussed below.
14 Among the various meanings of “tong,” it seems that “to communicate” ﬁts best in the present
context. It indicates that the Western and Chinese methods can be derived from each other.
Mathematically, tong in this context can be construed to mean that the two methods are equivalent.
15 They are complementary in the mathematical sense: Two sides of the spherical right triangle and
two sides of the spherical quadrilateral are complementary, that is, their sum is 90. Furthermore,
the two have one side in common.
16 Mei was considered one of the greatest Chinese mathematicians by many contemporary historians
of Chinese mathematics; see Li Di and Guo Shirong [1988, preface, 1]. For brief discussions on Mei’s
life and mathematical contributions, see Li Yan and Du Shiran [1987, 212–216].
17 For example, Wang Xichan王錫闡 (1628–1682) stated, “古人立一法,必有一理,詳于法而不著其
理. . .西人竊取其意,豈能越其範圍 (Each method established by ancient scholars had to be based on
some principle. The procedure of the method was explained in detail but the principle was
not. . . .Western scholars stole the meaning [of the principle]. How could they go beyond the
principle?)”; see Ruan Yuan [1799, 345].
18 Kangxi claimed, “深不知曆原, 原出於中國 ([the Chinese scholars] did not know that the
principles of the calendar came originally from China)”; see Aixinjueluo [1704, 156]. By liyuan曆原
(“principles of the calendar”), Kangxi meant the principles Jesuit scholars used to compile
calendars, that is, the fundamental principle of the Western method. For a thorough discussion of
the origins of Jesuit astronomy in the early Qing, see Hu [2002].
19 Dai stressed that the Records expanded on the text in the ﬁrst Chapter of the Zhoubi; thus Dai
implicitly implied that the Records acted as a continuation to the classical canon; see Dai [1777, 250].
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ferent manner. Juxtaposing all sides of a spherical quadrilateral or a spherical right triangle
to form circular sectors in the plane, Dai examined simultaneously all sides (arcs) of these
spherical ﬁgures along with the families of similar right triangles associated with them. Dai
then folded these sectors to form three-dimensional solids, which were mathematically
equivalent to Mei’s solids. While Mei used more than one name to refer to each of his
solids, Dai systematically incorporated the term yi 儀 (“device”) in his names for these
transformation media to make them appear “Chinese.”20 Starting with Chinese names
for these devices, his intention was to present them as Chinese inventions. Moreover,
Dai constructed trigonometry using the terms, mathematical properties, and knowledge
found in Chinese antiquity; as a result, his Records created the illusion that the trigonom-
etry it presented had already existed in Chinese antiquity.
A secondary goal of this paper is to reassess Dai’s Records. It was composed in 1755 and
ﬁrst published in 1758.21 After Dai’s death in 1777, the Records was republished and also
included in the collection Suanjing shishu算經十書 (The Ten Mathematical Canons). Both
the Records and the Suanjing shishu were published by Kong Jihan 孔繼涵 (1739–1784).22
The general assessment of the Records is that it is not original because all its algorithms can
be found in treatises by Jesuits and by Mei Wending. Moreover, Dai was criticized for
adopting diﬀerent names for trigonometric lines and presenting the content in a simplistic
and abstruse way. After analyzing Dai’s approach of transforming spherical ﬁgures to the
plane, I will survey the main criticisms of the Records by scholars since Dai’s time and then
reevaluate Dai’s eﬀorts to systemize Jesuit trigonometry using terms and mathematical
properties found in the Chinese classics.
For the sake of completeness in historiography, one might also want to consider the
transformation media used in the compendium sanctioned by the court in 1723, Yuzhi lüli
yuanyuan 御制律曆淵源 (Imperially Commissioned Origins of Musical Harmonics and20 Mei used diﬀerent names for the same solids in some cases depending on whether the approach he
was explaining was Western or Chinese and in other cases for no clear reason at all. For example,
Mei used fangzhi yi方直儀 (“rectangular straight device”) and gougu fangzhui句股方錐 (“cone with
rectangular base and right triangular sides”) to refer to a pyramid with a rectangular base cor-
responding to a spherical quadrilateral, while Dai consistently referred to the surfaces of the same
solid as fangzhi yi. For both Mei and Dai, the name of the solid reﬂected the approach being
Western or Chinese. The term fangzhi yi was considered “Chinese” because both Mei and Dai
contended that it was used by Guo Shoujing郭守敬 (1231–1316), a prominent Chinese astronomer,
in his analysis of astronomical problems. Mei’s names for the solids and Dai’s names for the surfaces
will be discussed in detail in Sections 5 and 6.
21 See Duan Yücai [1793, 32 and 34].
22 The Records was not published as one of the ten Mathematical Canons; nevertheless it was
published in the same collection. I suspect the reason for this inclusion is Dai’s contribution to the
reappearance of the ten Canons and the publisher’s desire to promote the Records and to elevate its
status to that of a canon. Dai rediscovered seven of the Ten Mathematical Canons when working as
an editor on the SKQS project; see Duan Yücai [1793, 52, 56–58] and Hong Bang [1777, 56]. For a
brief discussion of Dai’s contribution to SKQS, see Liu and Dauben [2002, 300–302]. During the two
hundred years since Dai’s lifetime, any compilation, edition, and collation of the Ten Mathematical
Canons has been based on Dai’s work; for more information on the Ten Mathematical Canons, see
Guo Shuchun and Liu Dun [2001, 1–5], Martzloﬀ [1997, 123–141], and Li and Du [1987, 225–230].
SKQS contains a total of 78,582 volumes, compiled from 1773 to 1787 during the reign of Emperor
Qianlong (1711–1799). For more information on SKQS, see Kent [1987].
68 Jiang-Ping Jeﬀ ChenAstronomy).23 However, since it does not contain any transformation media diﬀerent from
those discussed in this paper, I will not discuss these media here in spite of the compendium’s
oﬃcial status and its date of publication in between Mei’s and Dai’s treatises.
The outline of my paper is as follows: In Section 2, I will ﬁrst brieﬂy discuss the Chinese
results in trigonometry prior to the arrival of the Jesuits, which were achieved by indige-
nous methods.24 Then I will examine the basics of the plane trigonometry introduced by
the Jesuits and their Chinese collaborators (Section 3). The Jesuits’ analysis of problems
in spherical trigonometry using geometric ﬁgures in space is discussed in Section 4. Mei’s
solids, the methods by which he analyzed them, and the perceived Chinese precursor of
one of them will be discussed in Section 5. In this section I will also examine the relation
between Mei’s solids and the geometrical conﬁgurations used by the Jesuits. Next, in Sec-
tion 6, I will investigate how Dai reinvented Mei’s geometric solids and presented them as
Chinese inventions by ﬁrst introducing their surfaces. I will also explain how Dai extended
the reinvented solid or rather their surfaces to two triangular and one quadrilateral device
as archetypes to form his own system of devices. On the basis of the results I will reassess
Dai’s Records, after surveying the criticisms it received, in the context of his attitude toward
Western learning (Section 7). Finally, the conclusion of my analyses, especially in relation
to the debate of Chinese versus Western methods, will be oﬀered in Section 8.2. Trigonometry in China prior to the arrival of the Jesuits
Before surveying the Chinese trigonometric results, it will be necessary to clarify what
can be classiﬁed as such. The general consensus is that any geometric result obtained
directly through the use of the eight trigonometric functions or line segments associated
with angles is deﬁnitely trigonometric. As the Chinese mainly used arcs and did not have
trigonometric methods in the above sense prior to the arrival of the Jesuits in the 16th cen-
tury, with only very few exceptions,25 many results by Chinese scholars undoubtedly would
not be included if one insisted on qualifying trigonometric results solely as those obtained
through the usage of line segments associated with angles. In the following survey, I include
various “proto-trigonometric” results by Chinese scholars in astronomy and land survey-
ing, most of which were obtained through the application of proportionality of similar right
triangles and the Pythagorean theorem. The Chinese mainly used the following procedures23 Yuzhi lüli yuanyuan has three parts: Lixiang kaocheng曆象考成 (Compendium of Observational
and Computational Astronomy), Shuli jingyun 數理精蘊 (Collected Basic Principles of Mathemat-
ics), and Lülü zhengyi 律呂正義 (Exact Meaning of the Pitch-pipes). The discussion of spherical
trigonometry and astronomy was included in Lixiang kaocheng.
24 In addition to the Pythagorean Theorem and the proportionality of the corresponding sides of
similar right triangles, the indigenous methods also include the methods of circle division (geyuan
割圓) and arc-sagittae (hushi弧矢). The former describes the process of dividing a circle and arcs on
a circle, the latter the algorithms for ﬁnding the relations between the arc length, the chord, and the
sagitta of an arc, as well as the area between the chord and the arc.
25 Liu Dun [1993, 425] believes that the reason the Chinese did not develop trigonometry
systematically is that ancient China did not have a clear concept of angles. The only exceptions of
Chinese usage of trigonometrical methods are, (1) a record of a table of tangents in the 8th century;
and (2) possibly the methods used in the Season-Granting Calendar promulgated in 1281. See
Cullen [1982, 18], Sivin [2009, 66–67], and Nakayama [1969, 137–139]. In fact, there is no consensus
among historians of Chinese mathematics on whether the methods used in the Season-Granting
Calendar can be considered trigonometric; see Bai and Li [1985].
Fig. 1. The geometrical ﬁgure for the ﬁrst problem in the Sea Island.
Spherical trigonometry in 17th- and 18th-century China 69to obtain these results: (1) the method of double diﬀerences, (2) the method of circle-divi-
sion, and (3) the mathematics of arc-sagittae.
One procedure used often in land surveying was the “method of double diﬀerence” (chong-
cha重差). This method is to determine the height or depth of a point whose horizontal dis-
tance from the observer is also unknown. The observer erects two poles and makes two
observations along a straight line. All nine problems inHaidao suanjing海島算經 (Sea Island
Mathematical Manual, hereafter referred to as the Sea Island) by Liu Hui劉徽 (220?–280?),
one of the ten mathematical canons, were solved by means of this method.26 To demonstrate
it, I use the ﬁrst problem in the Sea Island (see Fig. 1).27 In this problem, a surveyor is on the
shore and the height of a mountain on an island in the sea and the distance from this island to
the shore are to be determined. In Fig. 1, H represents the top of the mountain and A its foot.
B, C, D, and E are points on the shore accessible for the surveyor, and BF and DG are the
two poles of the same height the surveyor erects in order to ﬁnd the unknown quantities, AH
and AB. The distances between all the points to the right of B can be measured directly. In
summary, the known quantities in Fig. 1 are BF = DG, BC, BD, and DE. The algorithms in
the Sea Island provide the height of, and the distance to, point H:2826 Fo
ﬁgure
discu
27 Fi
28 A
29 Se
30 Fo
Learn
1524;AH ¼ BF BD
DE BCþ BF;
AB ¼ BD BC
DE BC :The method of double diﬀerence was also used by Zhao Shuang 趙爽 (3rd c.) to ﬁnd the
height of the sun, under the assumption that the earth is ﬂat, in his commentary to the
Zhoubi.29 It is worth noting that the method can also be found in various mathematical
treatises written and published in Ming China (1368–1644) before the arrival of the Jesuits
and was therefore used by, or at least known to, Ming scholars.30r the authorship of the Sea Island, see Li and Du [1987, 75–80] and Martzloﬀ [1997, 136]. The
s and the commentary by Liu Hui were lost; see Guo and Liu [2001, 13]. For a more extensive
ssion of the Sea Island, see Lam and Shen [1986] and Swetz [1992].
g. 1 is modiﬁed from Figure 3.11 in Li and Du [1987, 76].
detailed analysis of Fig. 1 and the derived formulas can be found in Li and Du [1987, 76–77].
e Cullen [1996, 218–220]. The Zhoubi suanjing is introduced in footnote 4.
r example, it can be found in Suanxue baojian 算學寶鑑 (Precious Mirror of Computational
ing), written by Wang Wensu 王文素 (1465–?) before 1522 and provided with a preface in
see Wang Wensu [1522, 778–783].
70 Jiang-Ping Jeﬀ ChenChinesemathematicians obtainedmany geometric if not trigonometric results by applying
the method of “circle division” (geyuan 割圓).31 The earliest record of this method can be
found in the commentary on the Nine Chapters by Liu Hui. The procedure of circle division
involves constructing right triangles and applying the Pythagorean theorem to obtain the
length of the sides of these triangles. Liu started this process with a regular hexagon inscribed
in a circle: (1) he bisected one side of the hexagon, forming a right triangle with half the side of
thehexagonas thebaseand the radiusof the circle as thehypotenuse, andobtained thealtitude
using the Pythagorean theorem; then (2) he formed a smaller right triangle with a smaller base
(equal to the diﬀerence of the radius and the altitude of the ﬁrst triangle) and a smaller altitude
(equal to half the side of the hexagon), and obtained the hypotenuse, which is equal to the
length of the side of a regular dodecagon inscribed in the same circle. He repeated these steps
and thus calculated the lengths of the sides of inscribed 24-sided, 48-sided, and then 96-sided
polygons in the same circle.32 As many historians of Chinese mathematics contend, this pro-
cess of ﬁnding the lengths of the sides of inscribed regular polygons is mathematically equiv-
alent to ﬁnding the sine values of 30, 15, 7.5, 3.75, 1.875, and 0.9375. ZhaoYouqin趙友
欽 (1271–1335?) repeatedly applied the method of circle division to an inscribed square and
thus obtained the length of one side of an inscribed regular 16,384-sided polygon.33Fig. 2. The relation between radius, arc, chord, and sagitta.
31 Chinese historians of mathematics tend to consider these results as part of the Chinese
achievements in trigonometry because, as can be seen below, the lengths of certain sides of inscribed
regular polygons can be construed as values for the sine of certain angles; for example, see Liu [1993,
425–426].
32 For Liu Hui’s description of circle division, see Guo [2004, 18–22] and Chemla and Guo [2005,
178–189]. For a further analysis of the method of circle division, see Li and Du [1987, 65–68] and
Martzloﬀ [1997, 277–282].
33 Liu Dun points out that the computations described in Zhao’s treatise are equivalent to ﬁnding
the sine values of 45, 25.5, 11.25, 5.625,. . .; see Liu [1993, 425]. Zhao explained the procedure of
bisecting a side of an inscribed regular polygon with n sides to obtain the side of an inscribed regular
polygon with 2n sides. He stated that by applying this procedure 12 times starting with an inscribed
square, one would obtain the side of an inscribed 16,384-sided regular polygon. Zhao in fact only
computed the length of a side of the octagon and then immediately gave the correct length of a side
of the inscribed 16,384-sided polygon. See Zhao [1983, 221–227].
Spherical trigonometry in 17th- and 18th-century China 71In autochthonous Chinese mathematics, the method closest to trigonometry as it
was introduced by the Jesuits is the method of arc-sagittae (hushi 弧矢). This method
describes the procedures for ﬁnding the length of one of the following: a chord on a
circle, the arc subtending it, the sagitta (the line segment connecting the midpoints of
the chord and its arc) or the diameter, and the measure of the area bounded by the chord
and its arc, provided a suﬃcient number of the other quantities are given. Shen Kuo
沈括 (1031?–1095) referred to this method as kuaiyuan shu 會圓術 (“procedure of cal-
culating the circle”).34 Shen’s procedures can be summarized by the equation (see
Fig. 2)34 Th
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;where a is the length of the arc, c the chord, s the sagitta, and r the radius.35
In the Shoushi li 授時曆 (Season-Granting Calendar), promulgated in 1281, Wang Xun
王恂 (1235–1281) and Guo Shoujing 郭守敬 (1231–1316) employed Shen’s arc–chord–
sagitta relationship in the algorithms for converting the sun’s position on the ecliptic to
equatorial coordinates, the traditional Chinese primary system of reference.36 In the rationale
for this calendar, instead of the whole chord, Wang and Guo used half of the chord, which is
the sine line segment of half of the arc. Moreover, the sagitta of the arc is then equal to the
diﬀerence of the radius and the cosine line segment of half the arc in question. In this viewpoint,
Wang’s andGuo’s applicationof Shen’s procedures canbe construed asproviding the relations
between the length of an arc and the values of the sine and cosine of the half-arc. Therefore,
their methods in the Season-Granting Calendar can almost be qualiﬁed as trigonometric in
the literal sense.37is information is taken from Li and Du [1987, 168]. The character 會 can be pronounced
i or kuai. None of the meanings of 會 pronounced as hui makes sense in this context. The
lator of Li and Du [1987] overlooked this fact and rendered it as huiyuan (“intersection of
s”). I thank Professor Guo Shuchun for pointing out to me the diﬀerence between hui and
r this relation and an analysis, see Nakayama [1969, 137–139]. Fig. 2 is modiﬁed from Fig. 19
kayama [1969, 139].
e Li and Du [1987, 168–171]. The computations in the Season-Granting Calendar have
ionally been attributed to Guo Shoujing. Bai Shangshu and Li Di argue that evidence shows
the mathematical aspects of the calendar should be attributed to Wang Xun. See Bai and Li
] and Sivin [2009, 156–158]. For a demonstration of the computations for converting the sun’s
ion from ecliptic to equatorial coordinates, see Nakayama [1969, 257–258].
ere is disagreement among historians of Chinese mathematics on whether Wang and Guo can
id to have used spherical trigonometry. The issue in question is in their reduction of the sun’s
ion on the ecliptic to equatorial coordinates, whether Wang and Guo utilized spherical right
les, and whether they provided speciﬁc formulas involving trigonometric lines. For the various
oints on this matter, see Bai and Li [1985]. Bai and Li conclude, based on the fact that no
ations of spherical triangles can be found in the available records, that Wang and Guo did not
herical trigonometry. It is almost impossible to settle this dispute because Guo’s Shoushi licao
草 (Workings of the Season-Granting Calendar), in which the derivations of the algorithms
rocedures might have been found, is lost. For a translation of the whole Canon of the Season-
ting Calendar, see Sivin [2009, 389–550].
Fig. 3. The deﬁnition of the eight trigonometric line segments for an arc BD.
72 Jiang-Ping Jeﬀ Chen3. A brief account of plane trigonometry in Jesuit works
In the treatise Grand Measurement, the sine and other trigonometric functions were not
described as the functions we know today. Instead, assigned to an arc or angle and geomet-
rically portrayed on a quarter-circle were eight line segments (baxian 八綫) deﬁned as our
trigonometric line segments. Other trigonometric treatises in 17th- and 18th-century China
basically followed this practice in deﬁning trigonometric segments for each angle or arc. In
Fig. 3, the given arc is the arc BD or equivalently the angle BOD. AB is the sine line
segment of arc BD, OA(= BC) the cosine segment, DE the tangent, OE the secant, OG
the cosecant, FG the cotangent, AD the versine, and CF the coversine.38 It is also clear
from Fig. 3 that the right triangles have parallel sides; hence they are similar as shown
in Table 1.
To form computational algorithms on the basis of this family of similar right triangles,
the rule of three is applied. The rule of three states that in two equal ratios of four quan-
tities, one unknown quantity can be obtained provided the other three are known. TakeTable 1
Similarity of the right triangles in Fig. 3
Right triangle ODE OFG OAB OBC
Base DE OF AB (= OC) OC
Altitude OD FG OA (= BC) BC
Hypotenuse OE OG OB OB
38 A ﬁgure similar to Fig. 3 can be found, for instance, in Mei Wending’s Pingsanjiao juyao平三角
舉要 (Essentials of Plane Trigonometry; hereafter Plane Trigonometry) and Dai’s Records; see Mei
[1680, 19:8a, 19:11b] and Dai [1777, 153]. In Complete Principles, similar ﬁgures were used to
illustrate that the right triangles in Fig. 3 are similar; see Rho [1631, 694–695]. To deﬁne the eight
trigonometric segments, a total of four ﬁgures were used in Complete Principles; see Rho [1631, 582–
583].
Spherical trigonometry in 17th- and 18th-century China 73two similar right triangles of diﬀerent sizes, designating their sides (base, altitude, hypote-
nuse) as A, B, C and a, b, c, respectively. A total of 12 procedures can then be formed, in
which three known quantities yield the fourth, unknown one. For example, in modern
notation,39 In
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; a ¼ Ab
B
; and b ¼ aB
A
;where the quantities on the left of the equal signs are assumed to be unknown and those on
the right are known.39 With the rule of three in mind, to analyze and solve problems in
spherical trigonometry, it is suﬃcient to form families of similar right triangles of which
certain sides are trigonometric line segments for the arcs in question.
In the majority of the treatises on trigonometry, Chinese or Jesuit, the proportionality of
the corresponding sides of right triangles or the application of the rule of three was expressed
by listing four lü 率 (“related quantities”).40 For example, the equality of ratiosFG : OG ¼ OA : OBobtained by applying the rule of three to the last two right triangles in Table 1 could be
described instead by listing the four line segments asFG; 1st l€u; OG; 2nd l€u; OA; 3rd l€u; OB; 4th l€u;or1: FG 2: OG 3: OA 4: OB:It was understood that an ordered sequence of the four quantities listed as four lü ensured
the aforementioned equality of ratios. The latter type of expression can also be found in
European treatises.414. Configurations in Complete Principles and a European source of this work
The trigonometric treatise Complete Principles of Measurement was among the series of
books presented to the emperor as part of the calendar reform eﬀorts in 1631. The author,
Giacomo Rho, made use of Fig. 4 to explain how to analyze problems related to spherical
right triangles using the knowledge of plane trigonometry.42 The ﬁgure encompasses four
types of problems and results in numerous sets of four lü of trigonometric lines associatedAlgorithm 9 in the Records, Dai Zhen exhausted all of the 12 procedures. See Dai [1777, 147–
e concept of lü (“related quantities”) can already be found in the Nine Chapters. See Chemla
uo [2005, 956–959] for a more detailed discussion. The expression four lü can be found, for
ple, in Grand Measurement, Complete Principles, and in Mei Wending’s Spherical Trigonom-
Plane Trigonometry, and Measured with Prisms. Dai Zhen also used the expression in his
blished manuscript Zhunwang jianfa凖望簡法 (Simple Method in Surveying, hereafter Simple
od). However, as we will see in Section 6, he did not follow this practice in the Records; instead,
ted corresponding sides of similar right triangles.
e, for example, Magini [1609].
o [1631, 684].
Fig. 4. A geometric conﬁguration in Complete Principles.
74 Jiang-Ping Jeﬀ Chenwith the arcs and angles of the spherical right triangle.43 I will analyze one of these types in
detail using the simpler Figs. 5 and 6 extracted from Fig. 4.44Fig. 5. Simpliﬁed version of Fig. 4, as found in
Complete Principles.
Fig. 6. The same simpliﬁed ﬁgure labeled with
letters.
43 In each of the problems, up to 15 equalities of ratios were listed; see Rho [1631, 684–688].
44 Fig. 5 is a simpliﬁed version of Fig. 4 and can be found in Rho [1631, 686]. Fig. 6 is the same
ﬁgure with the vertices labeled by letters for the purpose of explaining the construction of the ﬁgure.
In Figs. 4 and 5, the vertices are labeled with the Celestial Stems followed by the Earthly Branches.
In Fig. 6, in agreement with the convention of historians of Chinese mathematics, A is used for jia
甲, B for yi 乙, etc. As we shall see below, when there are more vertices than the total number of
Celestial Stems and Earthly Branches, or when the order of the letters is not in accordance with the
order of the construction of the ﬁgure or the order of appearance of the points in the text, which was
frequently the case, the convention is not followed strictly.
Spherical trigonometry in 17th- and 18th-century China 75In Fig. 6, the spherical right triangle under consideration is ABC on the sphere centered at
N, where the angle A is a right angle. The lengths of both arcs BD and BJ are one quarter
of a great circle; hence the arc DJ and the angle ABC have the same measures. The con-
struction of the line segments in the plane triangles ALK, HIC, DNE, and FNJ may have
proceeded as follows:45
(1) Construct the tangent DE and sine FJ for the arc DJ (= the angle ABC) and obtain
two right triangles DNE and FNJ. Then we haveFig. 7
diagr
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sameDE ¼ tanðABCÞ; FJ ¼ sinðABCÞ:
(2) Construct the sine segment AL for the arc AB and the tangent segment AK for the arc
AC and form the right triangle ALM.46 ThenAL ¼ sinðABÞ:
(3) Construct the sine segment CH for the arc AC, draw HI parallel to AL, and form the
right triangle HIC so thatAK ¼ tanðACÞ; CH ¼ sinðACÞ:
Because the four right triangles ALK, HIC, DNE, and FNJ are similar, we haveOD : DE ¼ AL : AK;
that is,OD : tanðABCÞ ¼ sinðABÞ : tanðACÞ;
where OD is the radius of the sphere.47 The equality of the ratios results from the similarity
of the right triangles shown in the ﬁgure.48. A ﬁgure from Magini’s Trigonometricae Sphaericorum that leads to the same result as Rho’s
am in Fig. 6.
e scholars, Jesuit or Chinese, in 17th- and 18th-century China rarely described how they
ructed the ﬁgures in their treatises. I include conjectured constructions here and below to
tate the analyses.
ints O, C, K should be on the same line, since the line segment AK is the tangent line to the arc
e Rho [1631, 686]. The reason that all four right triangles are similar is that the angles ALK,
and DNE (= FNJ) are equal. That these angles are equal was not mentioned in the text, but is
sted by Fig. 6.
may be noted that in Complete Principles the similar right triangles were not depicted in the
plane, as they were in later treatises.
76 Jiang-Ping Jeﬀ ChenBai Shangshu [1984] showed that the analysis leading to this particular equality was
adopted from Theorem 17 in Giovanni Antonio Magini’s (1555–1617) Trigonometricae
Sphaericorum. However, the ﬁgure used by Magini (see Fig. 7, in which the spherical trian-
gle concerned is ABC) uses a diﬀerent perspective from Rho’s in Fig. 6. The result of
Theorem 17 in Trigonometricae Sphaericorum is exactly the same equality of ratios in Latin
which is expressed in four lü in the Complete Principles:491. Sinus totus49 Both Fig. 7 and Theorem 17 can be
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and Figs. 22 and 26 in Section 6. Profes
the development of solids is part of wha
approach to spherical trigonometry by m
development of a solid in descriptive geor in English,found in Magini [1609,
is views on mathematic
ks, see Martzloﬀ [1981
truction of a pattern th
[1965, 248] as well as F
sor Martzloﬀ pointed o
t is known today as des
eans of solids can be c
ometry.1. Total sine (radius)
2. Tangens anguli 2. Tangent of the angle
3. Sinus lateris adiacentis 3. Sine of the adjacent arc
4. Tangens lateris oppositi 4. Tangent of the opposite arc.Even though the two ﬁgures are not identical, it is clear that the desired equality in both
cases derives from the similar right triangles formed by the trigonometric line segments
associated with the arcs and angles of the spherical right triangles in question. In Complete
Principles as well as its European source, as illustrated above, no geometric solids were ever
formed in analyzing problems in spherical trigonometry; nor were the similar right triangles
used in the analysis located in the same plane. As we shall see in the following section, Mei
Wending accomplished the conﬁguration of geometric solids for the analysis of spherical
trigonometric problems in one treatise and then utilized them in another. His solids made
the demonstration of similarity of right triangles more apparent than it had been in Rho’s
treatise.5. Mei Wending: From configurations to solids vis-a`-vis Chinese and Western methods
As we will see in this section, Mei Wending’s approaches to solving spherical prob-
lems evolved over time.50 In one earlier work, he used similar right triangles on the
sphere, completing the conﬁguration of solids without utilizing it; but later he actually
employed the three-dimensional solids directly to ﬁnd families of similar right triangles
as well as to acquire the families of similar right triangles on the two-dimensional devel-
opments of these solids.51 As we will see, the use of solids provided strong support for
Mei’s advocating of zhongxi huitong 中西會通 (“Integration of Chinese and Western
[methods]”).
5.1. Conﬁgurations of solids
In his Husanjiao juyao 弧三角舉要 (Essentials of Spherical Trigonometry, 1684; hereaf-
ter Spherical Trigonometry), Mei followed the practice from Complete Principles of forming18v].
s, see Engelfriet [1998, 405–431]. For
].
at represents the unfolded surface of
igs. 14 and 17 in the current section
ut to me that the approach utilizing
criptive geometry. The part of Mei’s
ompared with an application of the
Fig. 8. Mei Wending’s geometric conﬁgura-
tion in Spherical Trigonometry, modeled after
Rho’s in Fig. 4.
Fig. 9. The projection of the right triangles in
Fig. 8 onto the triangle DNE.
Spherical trigonometry in 17th- and 18th-century China 77similar right triangles on the sphere directly. For example, Mei added an extra right triangle
and a new line to Fig. 4 in Complete Principles to obtain Fig. 8.52 By observing these two
ﬁgures closely, one recognizes that the added line NT in Fig. 8 completed the conﬁguration
of the tetrahedron NBRT, while no conﬁguration of such a solid was present in Fig. 4.
However, Mei did not seem to recognize any solid or its conﬁguration in Spherical Trigo-
nometry himself since he did not mention or utilize them. How then did Mei obtain families
of similar right triangles? In modern terms, he projected the sphere orthogonally onto the
plane containing the triangle NED and described the resulting families of similar right
triangles as cewang zhi xing側望之形 (“shape of the side-view”; see Fig. 9). Once the family
of similar triangles was obtained, algorithms could be formed by applying the rule of
three.5.2. Solids
In Measured with Prisms (1701), Mei stated that there are two methods for obtaining
families of similar right triangles, namely shifa 視法 (“visual method”) and shishu 實數
(“concrete number”). The former used projection as a visual aid to ﬁnd a family of similar
triangles in the same way as discussed in Mei’s Spherical Trigonometry, while the latter
method, the main focus of Measured with Prisms, ﬁrst formed solids within the sphere
and then directly examined each side surface of the solids to obtain the families of similar
right triangles.
First it will be useful to explain the Chinese title Qiandu celiang ofMeasured with Prisms.
The term qiandu塹堵 is the name of a special kind of solid already used in ancient Chinese
sources, which is obtained by cutting a rectangular parallelepiped from one edge toward its
opposite. Thus, a qiandu has ﬁve side surfaces: three rectangles and two right triangles. Mei
observed that a certain conﬁguration of trigonometric line segments in the sphere resem-
bled the qiandu and therefore constructed a qiandu with trigonometric lines in order to ana-52 The original of Fig. 8 can be found in Mei [1684, 30:4a]. The added right triangle is the triangle
TRB; the extra line segment is NT, with points C and K lying on it.
Fig. 10. Mei’s depiction of a qiandu enclosing a
spherical right triangle and quadrilateral.
Fig. 11. A simpliﬁed reproduction of Fig. 10
labeled with letters.
78 Jiang-Ping Jeﬀ Chenlyze spherical problems.53 Consequently, he described the central principle in this treatise as
“using the method of solids (tufang zhi fa 土方之法) for measuring the distances in the
heaven.” As the title of the treatise suggests, Mei intended to measure the arcs (i.e., calcu-
late their lengths) using various kinds of solids enclosed in a qiandu.54
The ﬁrst kind of solid utilized by Mei corresponds to a spherical right triangle. Mei
noticed that a spherical right triangle, for example ABC in Fig. 8, or rather its extension
BDF, could be enclosed in a qiandu, as illustrated in Fig. 10.55 In the simpliﬁed Fig. 11,
the right triangle BDF is enclosed in the qiandu OFHGBE. Mei did not provide the con-
struction of this qiandu, which I hypothesize to be as follows:53 M
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diﬀerStarting with the spherical triangle ABC and the center of the sphere O, extend arcs
BC and BA to BD and BF so that the lengths of the latter two arcs are one fourth of a
great circle. Form the arc DF (as part of a great circle passing through the points D and
F). Thus, the measure of the angle ABC is equal to that of the arc DF.
At B, construct the tangents BS and BE for arcs BD and BF. Then at F, construct
tangents FE and FH for arcs FB and FD. Connect DS, which is the tangent for theei stated, “見渾圓中諸綫犁然有合於古人塹堵之法,乃以塹堵肖之為徑寸之儀 ([I] saw that the
nometric] lines in the sphere obviously were in accordance with the ancient model of the
u. Therefore, [I] used the qiandu to imitate them as a miniature instrument)”; see Mei [1701,
].
ei described the meaning of the title as, “塹堵測量者, 借土方之法以量天度也 ([The principle
easuring with Prisms is to borrow the method of [ﬁnding the] volume of the solids to measure
oving of the heaven),” see Mei [1701, 39:1a]. For the problems and algorithms for ﬁnding the
e of a qiandu in the Nine Chapters, see Shen et al. [1999, 268] or Chemla and Guo [2005, 428–
g. 10 can be found in Mei [1701, 39:13a], and Fig. 11 is taken from Li and Guo [1988, 178] with
modiﬁcations. It is worth noting that Mei’s labeling of vertices in Fig. 10 does not correspond
at in Fig. 8 even though both ﬁgures deal with the triangle ABC and its extension. The
pancy comes from the fact that the two ﬁgures were part of two diﬀerent treatises written at
ent times by Mei.
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Spherical trigonometry in 17th- and 18th-century China 79arc BD at D. Because the measure of arcs BD and BF are both one quarter of a circle,
and because BS, DS, BD, and FE are all tangent segments to these two arcs, the line seg-
ments BS, DS, BD, and FE are all equal to the radius of the sphere. In particular, BEFO
and BSDO are squares.
Make a perpendicular line from S towards and intersecting EB at T. Make a perpen-
dicular line from T towards and intersecting OF at P. Construct line segments ST, TP,
and PD to form a rectangle STPD.
Make a perpendicular line from H towards and intersecting line BS at G. Connect H
and G, as well as G and E to form a rectangle GEFH. Thus, the qiandu OBEFHG has
been constructed.Other trigonometric line segments can be formed accordingly:HF ¼ tanðDFÞ ¼ tanðABCÞ;
DP ¼ sinðDFÞ ¼ sinðABCÞ;
AK ¼ tanðACÞ; CJ ¼ sinðACÞ;
AL ¼ sinðABÞ; CI ¼ sinðBCÞ:In using solids as an approach to obtaining families of right triangles, it is worth noting
that diﬀerent solids may be utilized to obtain families of right triangles. Mei ﬁrst pointed
out that a qiandu could be divided into a bienao 鼈臑 (a special kind of tetrahedron) and
a yangma陽馬 (a special kind of pyramid with a rectangular base).56 To illustrate this divi-
sion using Fig. 11, the dividing plane (not explicitly depicted in the ﬁgure) is the plane
through points O, G, and E and divides the qiandu OBEFHG into a tetrahedron OBGE
(a bienao) and a pyramid OGEFH (a yangma). Mei demonstrated that either solid can
be utilized independently to acquire families of similar right triangles. I will analyze each
solid below.
Mei ﬁrst analyzed the tetrahedron OBMN in Fig. 11. He mostly used the term gougu
zhuixing 句股錐形 (“cone with right-triangular base”) to refer to a tetrahedron57 and he
called the approach using a tetrahedron lisanjiao fa 立三角法 (“method of standing trian-
gles”). In order to ﬁnd the families of similar right triangles, Mei observed that the right. 12. The families of similar right triangles derived from the tetrahedron OBMN in Fig. 11.
bienao is a tetrahedron with all four sides being right triangles and a yangma is a pyramid with
tangular base and all four triangular sides being right triangles. These solids were already
ssed in the Nine Chapters. See Chemla and Guo [2005, 428–433] for problems related to qiandu,
o, and yangma along with their discussions. I suspect the reason that Mei used so many
ent names for the same solid is that he wanted to show the common usage of the solids in the
ern and Chinese methods.
e Mei [1701, 39:13a].
Fig. 14. The juxtaposition of the tetrahedron
and its development on a plane.
Fig. 13. The tetrahedron OBMN separated from
the qiandu OBEFHG in Fig. 11.
80 Jiang-Ping Jeﬀ Chentriangles BMN, LKA, and ICJ inside the tetrahedron were contained, respectively, in the
right triangles BGE, LXZ, and IWY in the qiandu. He then obtained three families of sim-
ilar right triangles from these three right triangles (see Fig. 12).58 With the right triangles
BGE, LXZ, and IWY being congruent, these three families of similar right triangles could
be grouped together as one. Mei then isolated the tetrahedron OBMN from the qiandu in
Fig. 11 and demonstrated that the three side surfaces of the tetrahedron, OMN, OMB, and
ONB, also provided three families of similar right triangles (see Fig. 13).59 Furthermore,
Mei showed in Fig. 14 that all sides of the tetrahedron could be juxtaposed on a plane
to form the development of the tetrahedron and thus to obtain the same families of right
triangles. In the same ﬁgure, the development was also folded to reobtain the same tetra-
hedron.60
The second kind of solid used by Mei was associated with a spherical quadrilateral
(ACDF in Fig. 11). He introduced this solid, a pyramid (or yangma), as gougu fangzhui
句股方錐 (“cone with rectangular base and right-triangular sides”) or fangzhi yi 方直儀
(“straight rectangular device”). Mei now focused on this pyramid (Fig. 15).6158 The originals of the three families of similar right triangles in Fig. 12 can be found in Mei [1701,
39:18a, 39:19a, 39:20a].
59 The original of Fig. 13 can be found in Mei [1701, 39:21a, 40:1b]. Fig. 14 can be found in Mei
[1701, 40:4b]. Mei also commented that this principle of obtaining families of similar right triangles
from the development of the solids was used by Guo Shoujing in obtaining his families of similar
right triangles; see Mei [1701, 40:5a–40:5b].
60 The caption in Mei’s Fig. 14 reads, “Putting [the sides] together, [one can] obtain a standing
tetrahedron.”
61 Fig. 15 is taken from Li and Guo [1988, 179] and its original can be found in Mei [1701, 40:6b].
The labeling of the vertices in Fig. 15 corresponds to that in Fig. 11. The pyramid OFHUV in
Fig. 15 is not entirely enclosed by the qiandu OFHGBE in Fig. 11. Vertices U and V are the
intersections of the rays OM and HG, and ON and FE in Fig. 11.
Fig. 15. Mei’s pyramid OFHUV, in which the edge UV is the intersection of the planes OMN and
FHGE in Fig. 11.
Spherical trigonometry in 17th- and 18th-century China 81He obtained families of right triangles by examining each of the four side surfaces just as
he did for the tetrahedron. As can be seen in Fig. 15, each side provided a family of similar
right triangles. In this way, Mei obtained four families of similar right triangles and eachFig. 17. The juxtaposition of the pyramid and its
development on a plane.
Fig. 16. The projection of Mei’s pyramid
onto its bottom surface.
82 Jiang-Ping Jeﬀ Chenfamily supplied six sets of four lü; in total, he thus found 24 relations.62 Moreover, Mei
placed the pyramid in Fig. 15 upright with the rectangle HFUV as the bottom side, viewed
it from the top (i.e., projected orthogonally), and obtained an additional family of similar
right triangles as shown in Fig. 16.63
At last Mei demonstrated the relation between the pyramid and its development, as he
did for the tetrahedron, by placing the development side by side with the pyramid in
Fig. 17.64 By demonstrating that the two solids, the tetrahedron and the pyramid (in Figs.
14 and 17, respectively), could be analyzed exactly in the same manner, Mei highlighted and
emphasized their similarities: both solids and their developments can produce families of
similar right triangles and therefore lead to computational algorithms. As we will see below,
Mei perceived the two solids as having two diﬀerent origins, Western and Chinese; there-
fore this commonality was crucial in his claim that the Western and Chinese methods were
“equivalent.”
As mentioned above, one of the names Mei used for the pyramid was fangzhi yi方直儀.
He contended that this name came from the method yuanrong fangzhi benfa圓容方直本法
(“method of straight rectangles enclosed by a circle”) in the lost Shoushi licao 授時曆草
(Workings of the Season-Granting Calendar), attributed by Mei to the prominent 13th-
century astronomer Guo Shoujing.65 Mei included at the end of Measured with Prisms
three ﬁgures from Guo’s lost treatise, two of which are here included as Figs. 18 and
19.66 As Liu Dun has shown, these ﬁgures show two orthogonal projections of the celestial
sphere onto a plane. Fig. 18 is a side projection of the celestial sphere, in which the hori-
zontal diameter is the equator and the slanted diameter the ecliptic. Fig. 19 is a horizontalFig. 19. Horizontal projection of the celestial
sphere in Guo’s Workings.
Fig. 18. Side projectionof the celestial sphere in
Guo Shoujing’s Workings of the Season-Grant-
ing Calendar.
62 See Mei [1701, 40:11b].
63 See Mei [1701, 40:13].
64 The originals of Figs. 16 and 17 can be found in Mei [1701, 40:13b, 40:14a].
65 See Mei [1701, 40:6a].
66 The three ﬁgures can be found inMei [1701, 40:23a–24a]. Guo’s work is now lost, but inMei’s time
it was apparently still in circulation. It is worth noting that these ﬁgures did not use the Celestial
Stems or Earthly Branches to label the vertices. Instead, the descriptions of the line segments were
spelled out in the ﬁgures.
Spherical trigonometry in 17th- and 18th-century China 83projection, in which the circle is the equator.67 These projections provided Guo with similar
right triangles on a plane and consequently with computational algorithms for spherical
problems. Mei explained Guo’s method using contemporary terminology and showed that
both Guo’s method and the use of the pyramid OFHUV in Fig. 15 would yield the same
proportional relations between the corresponding sides of similar right triangles. In doing
so, he implied that his approach utilizing a pyramid inherited Guo’s method and expanded
it; moreover, he justiﬁed naming the pyramid fangzhi yi, after Guo’s method.5.3. Integration of Chinese and Western methods
In his analysis in Measured with Prisms, Mei repeatedly stressed that the Chinese and
Western methods were mathematically equivalent. Before we examine his claim, it is neces-
sary to clarify what Mei considered Western and what Chinese. On the one hand, the con-
ﬁguration of the tetrahedron utilized in Spherical Trigonometry, Mei contended, came from
the ﬁgure in Complete Principles and therefore wasWestern. The tetrahedron as used by him
was a realization of that approach in a physical model. Consequently, he considered the
approach using tetrahedra associated with a spherical triangle as a Western method. On
the other hand, Mei asserted that his approach using the pyramid associated with a spherical
quadrilateral was based on the principles used by Guo Shoujing. Hence it was perfectly jus-
tiﬁable to consider it as an ancient Chinese method. From this point of view, Mei’s approach
using solids serves as a bridge to bring the Chinese and Western methods together.
To argue for the equivalence of the Chinese and Western methods, Mei ﬁrst pointed to
the fact that the two spherical ﬁgures that inspired the solids can be enclosed together in a
qiandu as illustrated in Fig. 11. There the arcs BC and BA of the spherical right triangle
ABC are complementary to the arcs DC and AF in the spherical quadrilateral CDFA;
moreover, these two spherical ﬁgures have the arc AC in common. Mei in fact described
the two solids as “complementary to each other” (huwei zhengyü 互為正餘).68 That is,
the lengths of the arcs in one ﬁgure can be found from the other.
By means of Figs. 14 and 17, Mei also demonstrated that the Western tetrahedra and the
Chinese pyramids could be analyzed in exactly the same manner. The side surfaces of both
the tetrahedron and the pyramid can be spread out in the same plane to obtain families of
similar right triangles. Moreover, the projection of the solids onto their bottom surfaces can
be used to obtain an additional family of similar right triangles. This observation reinforced
Mei’s position that the Chinese method and the Western method are equivalent.
It appears to have been a consensus amongMei’s contemporaries that theWesternmethod
in trigonometry used angles in descriptions and computations while the ancient Chinese
method used arcs exclusively.69 To further argue for the equivalence of the two methods,
Mei tackled the disparity of using angles versus arcs. InMeasured with Prisms, he stated that
“each angle corresponds to an arc; therefore using angles is equivalent to using arcs and vice
versa.”70He further elaborated, “Only after this principle (the equivalence of using angles and
arcs) is understood, [one] could use angles freely; the three similar right triangles in the sphere
(CIJ,KLA, andMBNinFig. 8)were an example [of the use of angles].Only after this principle67 See Liu [1982].
68 Mei’s description of the complementary arcs can be found in Mei [1701, 39:23] and the
complementary solids in Mei [1701, 40:6a].
69 See Mei [1701, 39:4].
70 The text reads, “角與弧相應, 故用角即用弧也, 用弧即用角也.” See Mei [1701, 39:4].
84 Jiang-Ping Jeﬀ Chenis understood, [one] could [choose] not to use angles [and choose arcs instead]; the solids in the
qianduwere examples [of the use of arcs].”71 ToMei, both the equivalence of using angles and
arcs, and the fact that the approaches by means of geometric conﬁgurations and by means of
solids yielded the same computational algorithms, pointed to and supported his claim that the
Western and ancient (Chinese) methods were mathematically equivalent.
One of Mei’s most important conclusions inMeasured with Prisms was that even though
there were many diﬀerences between the Western method and Guo’s, this did not detract
their “being alike” (tong, 同).72 This claim sums up Mei’s views on Western mathematics
and astronomy. Mei concluded at the end of Measured with Prisms, “[if the] method is
worth utilizing, [it should be adopted] no matter [whether it is applied] in the East or West;
the mathematical principles are supposed to be made clear, why [should one] diﬀerentiate
[whether they are] new or old. . . . Get rid of the prejudice of Chinese versus Western (meth-
ods). Fairly seek the principles. . . . Gather the merits from all and seek the integration (hui-
tong 會通) [of the Chinese and Western methods].”73 In Mei’s mind, he truly had the
strongest evidence that the Chinese and Western methods were equivalent and their inte-
gration was his ultimate goal.
To sum up: In Spherical Trigonometry, Mei built on the approach taken in the translated
Jesuit work Complete Principles, as we have seen earlier. Even though he gave the complete
conﬁguration of a solid in Spherical Trigonometry, he did not actually use this solid. Observ-
ing that the trigonometric line segments in the conﬁgurations inside the sphere matched
the ancient model of solids, in hisMeasured with PrismsMei used solids, namely tetrahedra
and pyramids, to clarify and analyze the right triangles formed by the trigonometric lines
of the arcs and angles. In doing so, he believed that he illustrated the commonality between
theWestern and ancient Chinese methods. ThatMei was proud of his innovation in employ-
ing solids to analyze spherical problems can be seen from his claim that this approach
should be of great utility in illustrating the relations and carrying out the computations in
astronomy.746. Dai Zhen: reinventing devices and expanding them to a system
Although Mei Wending did use the term yi儀 (device) to refer to his solids in Measured
with Prisms, he used it only sporadically.75 Dai Zhen was the ﬁrst author to use the term
consistently and systematically in his Records of Base-Altitude and Circle-Division. More-71 The text reads, “明於斯理而後可以用角, 渾圓内三層句股是也. 明於斯理而後可以不用角, 塹堵
三儀是也.” See Mei [1701, 39:4]. For other similar arguments for the equivalence of using arcs and
angles in Measured with Prisms; see Mei [1701, 40:27a–40:28a].
72 Mei claimed that “The multitude of diﬀerent [approaches between the Western and Guo’s
methods] does not detract their being alike (種種各別而不害其同).” He also stressed that “[when
one] investigates their principles in detail, [one would ﬁnd that] they are no diﬀerent (而精求其理本
無異同).” [Mei, 1701, 40:26b].
73 The texts read, “法有可采, 何論東西! 理所當明, 何分新舊!. . .去中西之見, 以平心觀理. . .務集眾
長, 以觀其會通.” [Mei, 1701, 40:26b–27a].
74 Mei said, “以象相告, 於作圖布算不無小補 (To investigate with the models [of solids] is not
without small beneﬁts in making diagrams and carrying out computations).” See Mei [1701, 39:3a].
This is cited from Liu [1990, 212].
75 In the main text of Measured with Prisms, the term fangzhi yi (“rectangular straight device”)
appears 3 times and the term gougu fangzhui (“right triangular cone with rectangular base”) appears
19 times.
Spherical trigonometry in 17th- and 18th-century China 85over, he extended Mei’s solids to a complete system of devices to analyze and solve prob-
lems related to spherical right triangles and quadrilaterals located in all quarters of the
sphere, without mentioning Mei’s contribution or any possible Western connection.76
Dai associated the straight rectangular device (fangzhi yi 方直儀) with the ancient Chinese
method of arc-sagittae.77 His practice in the Records of attributing mathematical principles
to the Zhoubi and other ancient Chinese works created the illusion that Western trigonom-
etry had already been available in Chinese antiquity.
In the following sections, I will ﬁrst show how Dai reinvented the developments of the
solids used by Mei, a tetrahedron and a pyramid, as his own devices, by means of which
he obtained families of similar right triangles, from which he in turn derived computational
algorithms. Next I will discuss how Dai, based on these devices as the archetypes, intro-
duced further devices corresponding to a spherical quadrilateral or a spherical right triangle
on various parts of the celestial sphere. Dai then introduced another archetype: a collection
of three devices, one quadrilateral and two adjacent triangular ones, and he grouped his
devices into collections of three based on this archetype. Dai’s system of devices, as the
analysis below will demonstrate, broadened the applicability of his algorithms to problems
concerning spherical right triangles or quadrilaterals located anywhere on the sphere.6.1. Dai’s devices
Dai’s devices are very similar to Mei’s solids; yet Dai introduced them in a diﬀerent fash-
ion and did not acknowledge Mei’s contribution. Dai ﬁrst introduced three archetypical
devices, fangzhi yi 方直儀 (“straight rectangular device”), ciwei yi 次緯儀 (“auxiliary lati-
tude device”), and cijing yi 次經儀 (“auxiliary longitude device”), which are depicted in
Fig. 20.78 The ﬁrst of these three devices is the quadrilateral in the upper right quadrant
inside the circle and the other two are the triangles adjacent to the quadrilateral. In a mod-
ern perspective, they correspond respectively to the spherical quadrilateral BCED and the
spherical right triangles ABC and NBD in Fig. 21.79 Dai’s ﬁgure can be regarded as the76 It seems that Dai assumed that his readers knew how Mei used devices or solids. Dai did not
mention Mei orMeasured with Prisms in the main text; but in the commentary by the publisher Wu
Sixiao吳思孝 of the ﬁrst edition of the Records published in the 1750s, it was stated that the Records
added what Mei’s Measured with Prisms did not contain. See Dai [1777, 213]. Most of the
commentaries in the Records start with Wu yue 吳曰 (Wu says), which indicates that Wu provided
them; however, according to Duan Yücai 段玉裁 (1735–1815), Dai provided the commentary and
ﬁgures in the Records himself, but under Wu’s name. It is therefore not clear whether the
commentaries were by Dai himself or by Wu.
77 See Dai [1777, 202].
78 Fig. 20 can be found in Dai [1777, 203].
79 Dai did not provide any ﬁgure of a sphere in three-dimensional perspective. Fig. 21, a modiﬁ-
cation of Fig. 8 in Kawahara [1989, 12], is used here to help readers see the locations of Dai’s devices
on the celestial sphere from a modern perspective. It is worth noting that in all the ﬁgures in the
Records, the vertices were not labeled by the Celestial Stems or the Earthly Branches as were those in
Mei’s Measured with Prism. Instead, the full names of the devices and line segments were directly
placed inside or near by the objects. This practice, as we have seen earlier, can also be found in Guo
Shoujing’s ﬁgures (see Figs. 18 and 19). Such adoptions of customs by Dai helped substantiate his
argument that trigonometry had existed in Chinese literature prior to the arrival of the Jesuits. Dai’s
usage of the terms latitude and longitude was opposite to his contemporaries’. This became a target
for criticisms by many scholars after the publication of the Records (cf. Section 7).
Fig. 21. Dai’s devices shown on the sphere in a
modern perspective.
Fig. 20. Dai’s three archetypical devices in a
projection of the celestial sphere.
86 Jiang-Ping Jeﬀ Chenorthogonally projected image of the sphere in Fig. 21 onto the plane containing the equa-
tor, AEST.80
To construct his version of the straight rectangular device, Dai took the spherical quad-
rilateral BCED in Fig. 21 and juxtaposed all four arcs CE, ED, DB, and BC side by side in
the plane. These arcs together form the sector CEDBCO in Fig. 22. Dai’s straight rectan-
gular device is the sector CEDBCO along with the collection of families of similar right tri-
angles associated with each arc.81
For each of the four arcs in Fig. 22, Dai tabulated a family of ﬁve similar right triangles.
His table for the arc DE is reproduced in Table 2.82 Each column consists of three sides of a
right triangle, whereas each row consists of the corresponding sides from all ﬁve triangles.
Note that the sides of the ﬁrst three right triangles are trigonometric line segments associ-
ated with the arc DE; the third right triangle does not appear in Fig. 22. In the same fash-
ion, Dai tabulated families of similar right triangles for arcs CE, DB, and BC. It is worth
pointing out that to describe the families of similar right triangles Dai actually listed the80 The projection of Fig. 21 to produce Fig. 20 needs some more explanation: N is mapped onto the
center, followed by a 90 counterclockwise rotation around the center, with A being the far right
point on the circle and S the far left.
81 Dai’s straight rectangular device is thus the development of a pyramid and the attached families
of similar right triangles combined. The original of Fig. 22 can be found in Dai [1777, 194]. Dai
attached names to the four arcs CE, ED, DB, and BC. Since these names do not matter much in our
analysis, I omit them here. I choose to label the points I, C, H, and Q twice because when the sector
CEDBCO is folded into a three-dimensional pyramid, each pair of points labeled with the same
letter coincide and become one. Moreover, the two C’s in Fig. 22 correspond to the point C in
Fig. 21.
82 The original of Table 2 in the Records, which can be found in Dai [1777, 195], did not have the
ﬁrst row indicating the triangles. In the Records, Dai did not explain how the last two right triangles
in Table 2 were obtained. To see that the line segments in the last two columns indeed are equal to
the trigonometric line segments of other arcs as described, one needs to fold the straight rectangular
device into a three-dimensional pyramid. In doing so, one can see the line segments in Fig. 22 form
four rectangles; hence the relations in the last two triangles follow, cf. Needham [1959, Vol. 3, 110].
Fig. 22. Dai’s straight rectangular device with its families of similar right triangles.
Spherical trigonometry in 17th- and 18th-century China 87corresponding sides of the families of similar right triangles in contrast toMei’s practice of list-
ing proportional relations (four lü). Fig. 23 displays the page of the Records containing Dai’s
description of similar right triangles.83 The seventh column from the right reads gou (base), gu
(altitude), and xian (hypotenuse); the next three columns each contain the names of the base,
altitude, and hypotenuse of three similar right triangles which can be identiﬁed in Fig. 22.
After analyzing the four arcs individually, Dai folded the straight rectangular device
without the arcs into a three-dimensional pyramid (Fig. 24). This pyramid contains four
layers of parallel rectangles inside it, including its bottom EQRP. These rectangles are
formed with the sides of the right triangles in Fig. 22. Dai obtained one additional family
of four similar right triangles as illustrated in Fig. 25, which can be understood as an
orthogonal projection of the pyramid in Fig. 24 onto the plane containing EQRP, identi-
fying the points O, G, F, K, and E in the process.84 Dai then tabulated the family of four
similar right triangles, ORQ, OS0H0, OT0C0, and OB0I0, as shown in Table 3. Thus, from the
straight rectangular device, Dai obtained a total of ﬁve families of similar right triangles,
totaling 24 triangles.85
Each of the obtained families of similar right triangles now contains trigonometric line
segments from all four arcs of the original quadrilateral, as demonstrated in Tables 2 and 3.
This is exactly the key to why Dai could now apply the rule of three to derive algorithms for
solving problems in spherical trigonometry, since such problems were often formulated as
ﬁnding the measure of one side of a spherical quadrilateral. To better demonstrate the83 Fig. 23 can be found in the edition of the Records included in XXSKQS [Vol. 1045, 106].
84 The original of Figs. 24 and 25 can be found in Dai [1777, 198]. Fig. 25 can also be understood
as placing all four parallel rectangles in the same plane, identifying O, G, F, K, and E in the process.
85 The original of Table 3 and Dai’s mention of the total number of right angles in ﬁve families can
be found in Dai [1777, 199].
Fig. 23. Dai’s tabulation of a family of similar right triangles in the Records.
Table 2
A family of similar right triangles for arc DE
Right triangle OEP OKD OFL OGM
Base EP = tan(DE) KD = sin(DE) Radius FL = CT = tan(BC) GM = BI = sin(BC)
Altitude OE (radius) OK = cos(DE) cot(DE) OF = cos(CE) OG
Hypotenuse OP = sec(DE) OD (radius) csc(DE) OL OM = cos(BD)
Fig. 25. The projection of the pyramid in
Fig. 24 onto its bottom surface.
Fig. 24. Dai’s straight rectangular device folded
into a pyramid.
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Table 3
The family of similar right triangles obtained from Fig. 25
Right triangle ORQ OS0H0 OT0C0 OB0I0
Base RQ = tan(DE) S0H0 = sin(DE) T0C0 = tan(BC) B0I0 = sin(BC)
Altitude OQ = tan(CE) OH0 = tan(BD) OC0 = sin(CE) OI0 = sin(BD)
Hypotenuse OR OS0 OT0 OB0
Spherical trigonometry in 17th- and 18th-century China 89computational algorithms derived from Dai’s applications of the rule of three to the fam-
ilies of similar right triangles, let us turn to a concrete example:8686 Th
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devicThe lengths of two sides, DE and DB, of a spherical quadrilateral BCED are given; ﬁnd
the length of the arc BC.To solve this problem, we apply the rule of three to the second and last right triangles in
Table 2 to ﬁnd the length of BC:KDð¼ sinðDEÞÞ
ODð¼ radiusÞ ¼
GMð¼ sinðBCÞÞ
OMð¼ cosðBDÞÞ ;or equivalentlysinðBCÞ ¼ sinðDEÞ cosðBDÞ
radius
:After the length of the sine segment of the arc BC is obtained, a trigonometric table of sine
segments can be used to ﬁnd the length of the arc BC.87 It is worth noting that while Dai’s
examples following some of the algorithms for the solution of problems included numerical
values, the algorithms themselves, as shown above, were usually general and did not in-
volve numerical measures of the arcs or angles.
To analyze the auxiliary latitude device in Fig. 21, Dai ﬁrst properly deﬁned the roles of
the three sides in this spherical triangle, BC, AC, and AB, by giving them names, namely
BC the base (gou du 句度), AC the altitude (gu du 股度), and AB the hypotenuse (xian du
弦度).88 He then followed exactly the same steps as in the case of the straight rectangular
device to deﬁne and analyze this device: he took the arcs AB, BC, and AC from the spher-is example is Algorithm 15 in Part Two of the Records; see Dai [1777, 199]. The Records
sts of three parts, the ﬁrst two of which both include completely diﬀerent Algorithms 15 and 16.
details of the Records will be discussed in Section 7.
Algorithm 15 in Part Two of the Records, Dai actually stopped after obtaining the length of
D) without giving any instruction on how the length of the arc BD should be obtained from
f sin(BD). As a matter of fact, in almost all algorithms or examples for ﬁnding the length of an
r the measure of an angle, as soon as the length of one of its trigonometric lines was obtained,
xplanation stopped. The only exception is the example following Algorithm 16 in Part One.
Dai explained that after ﬁnding the length of the tangent line for an arc to be 26,794,929, one
d use a trigonometric table (licheng立成) to ﬁnd the measure of the arc; see Dai [1777, 178]. It
s that Dai considered it suﬃcient to provide the instruction for ﬁnding the length of a
ometric line in order to ﬁnd the length of the corresponding arc. In the Records, Dai did not
de trigonometric tables; however, he did choose a new measuring unit for circular arcs and
ined the procedures for creating trigonometric tables. For more details, see Chen [2008].
seems that Dai added du 度 (degree) to the characters gou (base), gu (altitude), and xian
tenuse) to diﬀerentiate the spherical right triangles from the plane ones. The roles of the base
ltitude of Dai’s devices as well as the relative position of the auxiliary latitude device with
ct to the straight rectangular device play a crucial part in his deﬁnition and analysis of other
es located in diﬀerent quarters of the celestial sphere.
Fig. 27. Dai’s auxiliary latitude
device folded as a tetrahedron.
Fig. 28. A projection of Dai’s
folded auxiliary latitude device.
Fig. 26. Dai’s auxiliary
latitude device.
90 Jiang-Ping Jeﬀ Chenical right triangle ABC and juxtaposed all three arcs in the same plane to form the sector
CBAC. Dai’s auxiliary latitude device is then the sector CABC along with the collection of
families of similar right triangles in Fig. 26. From each of the three arcs, Dai again obtained
a family of four similar right triangles. He then folded the auxiliary latitude device without
the arc CABC into a three-dimensional tetrahedron, projected it onto the bottom plane by
identifying O, U, W, and A as a single point, and thus obtained a further family of similar
right triangles (see Figs. 26–28).89
Like the families of similar right triangles derived from the straight rectangular device,
the sides of the similar right triangles obtained for each arc of the auxiliary latitude device
will include trigonometric lines from the other two. Instead of three triangles, Dai listed six
similar right triangles in the family in Table 4.90 Upon close examination, we recognize that
the ﬁrst three triangles in this table are the ﬁrst three from Table 2 and the last three are the
three triangles from Fig. 28. The reason that these right triangles are similar is that the ﬁfth
column in Table 4 is also the fourth column in Table 2, which follows from the following
points: (1) the straight rectangular device and the auxiliary latitude device have the arc BC
in common, and (2) the arc BD, one of the sides of the straight rectangular device, and the
arc AB, one of the sides of the auxiliary latitude device, are complementary to each other.91Table 4
The family of similar right triangles obtained from the projection in Fig. 28
Right triangle OEP OKD AZX ACT AIB
Base EP = tan(DE) KD = sin(DE) Radius ZX CT = tan(CB) IB = sin(CB)
Altitude OE (radius) OK = cos(DE) cot(DE) AZ = tan(AC) AC = sin(AC) AI
Hypotenuse OP = sec(DE) OD (radius) csc(DE) AX = tan(TA) AT AB = sin(BA)
89 For the original of Fig. 26, see Dai [1777, 204]; and for Figs. 27 and 28, Dai [1777, 207]. Fig. 28
can also be considered as placing the three layers of right triangles inside the tetrahedron in Fig. 27
in the plane containing the bottom triangle AZX by identifying A, U, and W as the same point.
90 The original of Table 4 can be found in Dai [1777, 208].
91 These relations were not described in the text, but they could certainly be observed in Fig. 20 also
by an 18th-century Chinese mathematician. In the commentary, Dai did mention that the two
devices in their three-dimensional form share an equal side surface (the one containing the sector
OBC); see Dai [1777, 206].
Spherical trigonometry in 17th- and 18th-century China 91The importance of Table 4 is that it links a family of similar right triangles derived from an
arc in the straight rectangular device with one derived from an arc in the auxiliary latitude
device. As a result, from the lengths of certain sides of the straight rectangular device the
length of certain sides of the auxiliary latitude device can be calculated by applying the rule
of three to the appropriate family of similar right triangles, and vice versa. From this anal-
ysis of the auxiliary latitude device and the union of two families of similar right triangles,
Dai thus obtained four families of similar right triangles totaling 18 triangles.92
Dai did not analyze the auxiliary longitude device in detail because it also corresponds to
a spherical right triangle and could be analyzed in exactly the same way as the auxiliary
latitude device. In Fig. 21, the relative position of the auxiliary longitude device NBD to
the straight rectangular device BCED is similar to that between the auxiliary latitude
device ABC and the straight rectangular device BCED. Thus, Dai skipped the duplicate
steps.
It is apparent that Dai’s devices and Mei’s solids are mathematically identical in spite of
the fact that Dai’s devices are actually developments of Mei’s solids. They were analyzed in
the same way and yielded similar computational algorithms by applying the rule of three to
families of similar right triangles. But this is where the commonality stops. As we will see
below, Dai introduced still other devices and formed a system with them. These devices,
based on the straight rectangular device and the auxiliary latitude device, correspond to
spherical quadrilaterals and spherical right triangles located in diﬀerent quarters of the
celestial sphere.6.2. System of devices
The algorithms derived from the analyses of the straight rectangular device and the aux-
iliary latitude device should be applicable to any problems related to spherical quadrilater-
als or right triangles. In order to apply the algorithms developed from the two devices, one
needs the correspondence between the sides of the spherical ﬁgures in question and those in
the two devices. Such correspondences cannot easily be recognized. It is especially diﬃcult
for spherical right triangles because the roles of the base and the altitude (the two sides
next to the right angle) need to be established so that the appropriate algorithms can be
applied. The fact that all three devices introduced so far are located in the same quarter
of the upper hemisphere of the celestial sphere (see Fig. 21) does not help and seems to limit
the applicability of the algorithms to problems related to spherical ﬁgures located in only
one part of the sphere. Whether or not this was the reason for Dai to construct his system
of devices, this system, as I shall show, ascertained the universal application of his algo-
rithms.
Dai used the straight rectangular device and the auxiliary latitude device as archetypes to
deﬁne further devices.93 He modeled the devices corresponding to a spherical quadrilateral
after the straight rectangular device and those corresponding to a spherical right triangle
after the auxiliary latitude device. To construct these devices, Dai ﬁrst introduced zong
yi 總儀 (“comprehensive device”): the celestial sphere along with the ﬁve great circles, as92 See Dai [1777, 208].
93 As Dai explains, “餘諸儀. . .其製並倣是二者爲之,不別具圖表 (As for the rest of the devices . . . ,
the constructions were all done imitating those of these two devices. Therefore we will not provide
separate diagrams or tables)”; see Dai [1777, 208].
Fig. 30. Dai’s comprehensive device in a
modern perspective.Fig. 29. Dai’s comprehensive device.
92 Jiang-Ping Jeﬀ Chenshown in Fig. 29.94 To facilitate the reader in understanding Dai’s view, I have added a rep-
resentation in three-dimensional perspective in Fig. 30.95 Fig. 29 can be understood as
rotated image of the orthogonal projection of Fig. 30 onto the plane in which the great cir-
cle AEST is located. Here the rotation is 90 counterclockwise when viewed from N.
With the archetypes, the straight rectangular device BCED and the auxiliary latitude
device ABC, in mind, Dai now initiated the construction of further devices by examining
the regions created by the ﬁve great circles on the sphere in Fig. 29. He ﬁrst separated
the upper and lower hemispheres as shown in Figs. 31 and 32.96 On the two hemispheres,
he identiﬁed ﬁve quadrilateral devices and ﬁve triangular devices. The ﬁve quadrilateral
devices, BCED, NDIF, TPFR, ACLK, and GKJT, are identiﬁed as the regions in Figs.
31 and 32 shaded with horizontal lines.
Dai ﬁrst assigned names to the quadrilateral devices (see Table 5) and then provided the
correspondences between their sides and those of the straight rectangular device BCED (see
Table 6).97 This correspondence allowed the application of the algorithms derived from the
analysis of BCED to the new devices, replacing the sides of BCED with the corresponding
sides in the new devices.94 Dai’s comprehensive device is not a device in the same sense as the straight rectangular device or
auxiliary latitude device. It does not directly produce any family of similar triangles or compu-
tational algorithms; instead its function in Dai’s system is to help deﬁne and locate the other devices
in relation to one another. The original of Fig. 29 can be found in Dai [1777, 209]. Dai explained the
construction of the great circle WG in Fig. 29 as follows: “距經緯之弧四分圜周之一,規之, 謂之外
規 (From a quarter of a circle (90) away [from the point B] on great circles DBA and CBN, draw a
great circle (WG)).” See Dai [1777, 208].
95 Fig. 30 is almost identical to Fig. 21 except for the addition of the great circle WFPG. Fig. 30, like
Fig. 21, is a modiﬁcation of Fig. 8 in Kawahara [1989, 12].
96 The original of Figs. 31 and 32 can be found in Dai [1777, 214–215]. In the original, no region was
shaded with vertical or horizontal lines; instead, the names of the devices were written inside the
corresponding regions.
97 The original of Dai’s Table 6 in Dai [1777, 210] used the sides of the straight rectangular device or
their complementary arcs to describe the sides of the quadrilateral devices. For example, he
described the right ﬂat side (the arc DI) in the device NDIF as the complement of the arc DB in the
straight rectangular device.
Fig. 32. The lower half of Dai’s comprehen-
sive device.
Fig. 31. The upper half of Dai’s comprehensive
device.
Spherical trigonometry in 17th- and 18th-century China 93Similarly, the triangular devices ABC, BDN, NFP, GPT, and AGK are identiﬁed as the
regions in Figs. 31 and 32 shaded with vertical lines. Dai again assigned names to these
devices, as indicated in Table 7. Before providing the correspondences between the sidesTable 5
Dai’s quadrilateral devices
BCED Straight rectangular device fangzhi yi 方直儀
ACLK Right rectangular device youfang yi 右方儀
GKJT Right adjacent rectangular device youcifang yi 右次方儀
NDIF Left rectangular device zuofang yi 左方儀
TPFR Left adjacent rectangular device zuocifang yi 左次方儀
Table 6
The correspondence of the sides of Dai’s quadrilateral devices with those of the straight rectangular
device
Device Left ﬂat side Right ﬂat side Left slanted side Right slanted side
BCED DE CE BC BD
ACLK CL KL AK AC
GKJT JK JT GT GK
NDIF FI DI DN FN
TPFR RT FR FP PT
Table 7
Dai’s triangular devices
ABC Auxiliary latitude device ciwei yi 次緯儀
BDN Auxiliary longitude device cijing yi 次經儀
FNP Double longitude device liangjing yi 兩經儀
GPT Auxiliary latitude-longitude device cijingweidu yi 次經緯度儀
AGK Double latitude device liangwei yi 兩緯儀
94 Jiang-Ping Jeﬀ Chenof the archetype ABC and those of the new triangular devices, Dai now ﬁrst described an
archetypal collection of three devices.
This archetype consists of the three devices BCED, ABC, and NBD in Fig. 30, in which
both triangular devices share a common side with the quadrilateral.98 Dai labeled the tri-
angular devices ABC and NBD, respectively, as the you yi右儀 (right device) and the zuo yi
左儀 (left device) of the quadrilateral device BCED. With this archetype collection in mind,
Dai grouped the ﬁve quadrilateral devices and ﬁve triangular devices on the two hemi-
spheres into ﬁve collections, each of which consisted of one quadrilateral and two triangu-
lar devices.
It seems that there was a shortage of triangular devices, since ﬁve collections needed ten
triangular devices whereas there were only ﬁve in the comprehensive device. To circumvent
the shortage, Dai used each of the ﬁve triangular devices twice—as the left device in one
collection and the right device in another. In order to diﬀerentiate the two roles played
by the same triangular device in two collections, Dai utilized the term rotation (xuan 旋).
The rotation of a triangular device is the same device with the roles of its base and altitude
switched.
Dai ﬁnally provided the correspondence between the sides of the ﬁve new triangular
devices and those of the archetype, the auxiliary latitude device ABC, as shown in Table
8.99 With this table, the roles of the base and altitude in each triangular device are clearly
and uniquely determined. Therefore, the algorithms derived from the analyses of the arcs of
the auxiliary latitude device ABC can be applied without any confusion.
Dai described each of the ﬁve collections in detail without tabulating them.100 The ﬁve
collections are listed in Table 9. Each row represents a collection of one quadrilateral deviceTable 8
The correspondence of the sides of the triangular devices with those of the auxiliary latitude device
Triangles Base Altitude Hypotenuse
ABC BC AC AB
Rotation of ABC AC BC AB
NBD BD ND NB
Rotation of NBD ND BD NB
AGK AK GK AG
Rotation of AGK GK AK AG
FNP FN FP NP
Rotation of FNP FP FN NP
GPT GT PT GP
Rotation of GPT PT GT GP
98 Dai did not identify the base, altitude, and hypotenuse of NBD in the text, but indicated them in
Fig. 20. NB is the hypotenuse, BD the base, and ND the altitude; see Dai [1777, 203].
99 The explanation and the table itself can be found in Dai [1777, 211–212]. To describe the sides of
all triangular devices in Table 8, Dai expressed them using the sides of ABC and two other arcs, DE
and FI, as well as their complementary arcs. Dai called FI by the name waigui 外規 (“outer circle
[arc]”). This could be confusing since the great circle on which FI is located was also called by this
name; the context should make clear whether the term was referring to the arc FI or to the great
circle.
100 Dai’s description of the ﬁve collections can be found in Dai [1777, 211–212].
Table 9
Dai’s ﬁve collections of one quadrilateral and two triangular devices
Quadrilateral device Right device Left device
1 BCED ABC NBD
2 ACLK AGK Rotation of ABC
3 NDIF Rotation of NBD FNP
4 GKJT GPT Rotation of AGK
5 TPFR Rotation of FNP Rotation of GPT
Spherical trigonometry in 17th- and 18th-century China 95and two right triangular devices—one right device and one left device. Thus, each triangu-
lar device together with its rotation appears twice.
As we have seen in the case of the archetypal collection, the fact that the straight rect-
angular device shares a common side with its right device, the auxiliary latitude device,
leads to the union of two families of similar right triangles—one from each device. The
same union can now be carried over to other collections. Following the collections of
devices in the comprehensive device, Dai listed 18 algorithms, numbered 27–44.101 A prac-
titioner in astronomy could simply apply these algorithms to solve problems in spherical
trigonometry regardless of the location of the spherical triangle and quadrilateral in
question.
Let me brieﬂy recapitulate Dai’s construction of his system of devices. To transform
problems from the sphere to the plane, Dai introduced the developments of Mei’s solids
as his devices. Using two devices, one triangular and the other quadrilateral, as arche-
types, Dai constructed further devices corresponding to spherical right triangles and
quadrilaterals located in diﬀerent quadrants of the sphere. He then introduced the arche-
type of a collection consisting of one quadrilateral and two triangular devices, and
grouped his devices into a total of ﬁve such collections. Based on the archetypal collec-
tion, Dai established the correspondence between the sides of the archetypal devices and
those in the other devices as well as the relations among the newly constructed devices in
the same collection. The purpose of constructing these new devices and collections was to
extend the applicability of his algorithms to problems related to spherical ﬁgures on the
entire sphere. This concludes my mathematical analysis of Dai’s system of devices.
In Section 7 I shall describe the role played by this system of devices in Dai’s construc-
tion of trigonometry based on the mathematics found in the Classics.7. Reassessment of Dai Zhen’s Records
Dai’s Records of Base-Altitude and Circle-Division has been controversial ever since his
time, criticized by many and appraised by some. In this section, I will ﬁrst examine the
Records’ mathematical structure and characteristics, survey the criticisms, and explain
Dai’s intent in writing it. Finally, I will provide my own assessment: Dai intended to dem-
onstrate that the entirety of trigonometry, including the arc measure, the names for the
eight trigonometric lines, the underlying principle, and the devices used for analyzing spher-
ical problems, had already existed in Chinese antiquity. In other words, Dai’s treatise pre-101 For his Algorithms 27–44, see Dai [1777, 216–220].
96 Jiang-Ping Jeﬀ Chensented a version of trigonometry as if it had been developed in China since the time of the
Zhoubi.
7.1. Construction of trigonometry in the Records
The Records contained 3 parts, 51 algorithms, and 64 ﬁgures.102 Just like many other
contemporary treatises on trigonometry, the Records discussed plane and spherical trigo-
nometry separately; moreover, it separated problems related to spherical right triangles
and spherical quadrilaterals from those related to general spherical triangles.103 What dis-
tinguishes the construction of trigonometry in the Records from that in other trigonometric
treatises is the way in which trigonometry was built from scratch with mathematical con-
cepts and terms that had been known to ancient Chinese before the arrival of the Jesuits.104
Instead of starting with geometric objects such as points, lines, and planes as Mei did in
his Plane Trigonometry, Dai started with the deﬁnitions of arcs, chords, and sagittae
appearing in the process of circle division. These geometric objects, related to each other
as well as to the radius of the circle as sides of diﬀerent gougu xing句股形 (“right triangles”),
formed the basis for Dai’s construction of trigonometry. Dai cited a passage from Guo
Shoujing’s Workings of the Season-Granting Calendar to demonstrate that his approach
of utilizing arcs, chords, and sagittae to construct trigonometry had originated in the
Chinese past.105 With the relations of circles and squares in the Zhoubi as a guiding
principle, Dai used a 3–4–5 right triangle to discuss the Gougu (Pythagorean) Theorem,
emphasizing the general relation between the base, altitude, and hypotenuse (the sum of
the squares of the base and the altitude is equal to that of the hypotenuse) instead of the
concrete numerical values in this particular example (three squared plus four squared is
equal to ﬁve squared).106102 The text in the Records describes that it has 55 ﬁgures and 49 algorithms; see Dai [1777, 250]. The
actual numbers, however, are diﬀerent. There are 64 numbered ﬁgures in the edition of the Records
published by Kong Jihan in 1777, excluding four appended ones; see Dai [1777, 248, 182, 180, 173].
The last labeled algorithm is Algorithm 49, excluding an appended one in Part One. However, as
already mentioned in footnote 86, there are completely diﬀerent algorithms numbered 15 and 16
both in Part One and in Part Two; see Dai [1777, 176, 178, 199, 250]. This discrepancy probably
came from the fact that the 1777 edition kept Parts Two and Three from the 1755 edition while Part
One went through major revisions of the content. The doubled Algorithms 15 and 16 were then
added to Part One. For more details, see Chen [2008].
103 Plane trigonometry was discussed in Part One. Part Two contained spherical trigonometry
related to spherical right triangles and quadrilaterals, i.e., problems that can be solved by means of
the devices analyzed in Section 6. And in Part Three, Dai explained problems related to gen-
eral spherical triangles and their solutions utilizing projection.
104 As we shall see below, many of Dai’s terms were not ancient; instead, they were his own
inventions. But Dai linked them either with an instrument that appeared in the Zhoubi or with a
procedure in the Nine Chapters. Dai’s intention was to antiquate his new terms and arc measure
through their connection with antiquity so that his construction of trigonometry appeared to be
entirely “Chinese.”
105 The Records cited the following from Guo’sWorkings: “因弧矢生句股形,以半弧弦為句,矢減半
徑之餘為股, 半徑則常爲弦. (From the arcs and sagittae sprout right triangles. [Use] half of the
chord as the base, the diﬀerence of the radius and the sagitta as the altitude, and the radius is always
the hypotenuse [to form a right triangle].)” See Dai [1777, 123].
106 See Dai [1777, 128].
Table 10
Names for the trigonometric lines according to Dai and Jesuit scholars, and their modern
designations
Dai’s names Jesuit names Modern names
Jufen 矩分 zhengqie 正切 Tangent
Jingyinshu 徑引數 zhengge 正割 Secant
Cijufen 次矩分 yuqie 餘切 Cotangent
Ciyinshu 次引數 yuge 餘割 Cosecant
Neijufen 內矩分 zhengxian 正弦 Sine
Cineijufen 次內矩分 yuxian 餘弦 Cosine
Shi 矢 or zhengshi 正矢 zhengshi 正矢 Versine
Cihubei zhi shi 次弧背之矢 yushi 餘矢 Coversine
Spherical trigonometry in 17th- and 18th-century China 97After summarizing the Gougu Theorem and the relations of arcs, chords, and sagittae in
Algorithms 1 through 6,107 Dai turned to the deﬁnition of trigonometric lines and the arc
(i.e., angular) measure. He ﬁrst quoted the passage in the Zhoubi related to ju 矩
(trysquare), the square, and the circle and then deﬁned trigonometric lines using the try-
square.108 As the trigonometric lines were deﬁned and measured using the trysquare, it
was only ﬁtting that their names should reﬂect this relation (see Table 10).
Instead of following the commonly used “degree” as arc measure, Dai’s new unit came
from the method of circle division described in the Nine Chapters.109 Starting with an
inscribed regular hexagon inside a circle, he described the procedure of circle division to
divide the circumference into 12, 24, 48, and then 96 equal parts. Dai deﬁned an arc
subtending one side of the inscribed regular 96-sided polygon as one xian限.110 Therefore,
the measure of a full circle in Dai’s new unit became ninety-six xian.
The property Dai employed most frequently in the Records is the proportionality of cor-
responding sides of similar right triangles. To properly describe the concept of similar right
triangles in Dai’s system, the triangles were placed on a circle. If two right triangles corre-
spond to the same arc (tongxian 同限), which means that they are similar, then their cor-
responding sides are proportional. As an example, note that in Fig. 3 the two right
triangles OAB and ODE correspond to the same arc DB; therefore their corresponding
sides are proportional. To emphasize that this property can be used to solve trigonometric
problems, Dai used the expression tongxian gougu huquan 同限句股互權 (“right triangles
corresponding to the same arc measures [can be used to] measure each other”).
To thoroughly explain this fundamental principle, Dai, in Algorithm 9, listed 12 proce-
dures to exhaust all possible ways to apply the rule of three to two similar right triangles of
diﬀerent sizes. Taking the ﬁrst of these procedures as an example, Dai stated,111107 The ﬁrst three algorithms deal with the Pythagorean Theorem. Algorithms 4–6 describe the
relations between the half-chord (the sine line), the sagitta, and the diameter. See Dai [1777, 130–
134].
108 For Dai’s quotation of the passage in the Zhoubi, see Dai [1777, p. 138].
109 In the course of revising the Records, Dai considered and discarded three diﬀerent units for
measuring circular arcs. For a detailed analysis of the new unit and Dai’s names of trigonometric
lines, see Chen [2008].
110 Dai’s description of the circle division procedure can be found in Dai [1777, 139].
111 The ﬁrst procedure in the text reads, “小股與大句相乘,小句除之,得大股.” For Algorithm 9, see
Dai [1777, 147–148].
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98 Jiang-Ping Jeﬀ ChenMultiply the small altitude with the large base [and] divide [the product] by the smaller
base to obtain the big altitude.To link this principle to antiquity, Dai demonstrated in the following example the similarity
between these procedures and the method of yicheng tongchu 異乘同除 (“[if] diﬀerent,
[then] multiply; [and if] the same, [then] divide”),112 the procedure to ﬁnd the fourth quan-
tity in two pairs of proportional quantities with the other three given:113A person paid three fus鬴 (containers) of millet. How much millet should three persons
pay?To answer this question, Dai explained, one should multiply three persons with the quantity
of a diﬀerent unit, three fus, and then divide the product by another quantity of the same
unit, one person, to ﬁnd the answer, nine fus. This process is exactly how one would carry
out the procedures in Algorithm 9; for example, multiply the smaller base by the larger alti-
tude (since the altitude is from a diﬀerent triangle) and divide the product by the smaller alti-
tude (since the smaller altitude is from the same triangle) to obtain the larger base.
This fundamental principle, Dai contended further, was also used by Chinese scholars
such as Guo Shoujing in the mathematics of arc-sagittae and could completely explain
the principle of circle division.114 By identifying this principle in Chinese texts, Dai ﬁrst
demonstrated that the principle was indigenous and did not come from the Jesuits. Second,
by showing that the ancient scholars used the same fundamental principle to solve astro-
nomical problems as he did, Dai placed the trigonometry presented in the Records in the
tradition of other existing Chinese mathematical treatises. Such placement, along with
Dai’s adoption of ancient or ancient-sounding names for trigonometric lines and an arc
measure closely related to procedures that can be found in the Nine Chapters, not only ele-
vated the status of trigonometry to that of Classics studies but also made trigonometry
seemingly Chinese.
After establishing the fundamental principle in Algorithm 9, Dai then applied this prin-
ciple to various right triangles inside the circle to obtain the algorithms equivalent to the
modern-day double angle, half angle, and sum and diﬀerence formulae for sine and cosinehe name yicheng tongchu characterizes the procedure in which two pairs of quantities are
rtional. Consider the ﬁrst known quantity and examine the other two. If the quantity is of a
ent nature, then one would multiply the ﬁrst quantity by it; if it is of the same nature, one would
the ﬁrst quantity by it. This is in essence the rule of three. The precise deﬁnition of “being of
me nature” is rather ﬂuid. In some cases it means they are of the same unit; in others it means
uantities are from the same right triangle.
his paragraph comparing Algorithm 9 with the tax collection problem was not included in the
edition of the Records, but can be found in Dai [1777, 148–149]. The term yicheng tongchu
t be found in the Nine Chapters except in Dai’s commentary to it; but it was considered by
to be a method either from the Nine Chapters or at least well-known to ancient Chinese. For
ple, Matteo Ricci and Xu Guangqi stated that the rule of three and yicheng tongchu in the Nine
ters were the same; see Ricci and Xu [1608, 17]. Matteo Ricci and Li Zhizao 李之藻 (1565–
considered yicheng tongchu to be an old method; see Ricci and Li [1614, 115]. Mei Wending
ibed yicheng tongchu as one of the central principles in the Nine Chapters; see Mei [1693, 3:1a].
he text reads, “《授時曆草》有弧矢割圜圖, 主於共半弧背之句股小大互求, 實足以盡割圜之
Guo Shoujing’s] Workings of the Season-Granting Calendar has ﬁgures of arc-sagittae and
-division. [The reasoning] was mainly due to [the fact that] right triangles sharing the same half-
.e., similar right triangles) [can be used to] ﬁnd each other’s sides. [This] indeed can complete
rinciple of circle division.)” See Dai [1777, 169].
Spherical trigonometry in 17th- and 18th-century China 99line segments.115 All the analyses followed the same pattern: ﬁrst, Dai represented the arcs
and their sum or diﬀerence on the circle; second, he constructed families of similar right
triangles with trigonometric line segments associated with these arcs; and ﬁnally, he applied
the rule of three to the appropriate sides to obtain the computational algorithms. Dai also
used these algorithms along with the sine and cosine values of the special arcs to demon-
strate the general principle in constructing trigonometric tables for sine and cosine seg-
ments using his new unit for circular arcs.116
In the remainder of Part One of the Records, Dai discussed problems related to general
plane triangles. He divided or augmented the general triangles to form right triangles in
accordance with the previous methods, ﬁnding families of similar right triangles to which
he applied the rule of three to derive algorithms equivalent to what is known today as
the law of sines, the congruence postulates, and the law of tangents.117
As I have shown in detail in Section 6, Part Two of the Records discusses solutions to
spherical problems related to spherical right triangles and quadrilaterals. Dai used two
archetypal devices to transform problems on the sphere to problems in the plane, formed
families of similar right triangles, and then applied the rule of three to obtain computa-
tional algorithms just as he did in Part One. Then he constructed further devices following
the archetype in order to expand the applicability of the algorithms to problems related to
spherical ﬁgures at any location of the sphere.
In Part Three, Dai devoted considerable eﬀorts to delineate and explain the basic prin-
ciples and solutions of problems related to general spherical triangles using the method shi-
jiao fa 矢較法 (“method of sagitta diﬀerence”), in addition to describing the principles of
reducing general spherical problems to those related to spherical right triangles.118 In the115 Algorithm 11 is equivalent to the half-angle formulas for sine and cosine segments; Algorithm
12, to the double angle formulas; and Algorithm 13, to the sum and diﬀerence formulas. See Dai
[1777, 158–161, 164–165].
116 The sine and cosine values of special arcs such as 8 xian (30), 16 xian (60), 4.8 xian (18), 18
xian (45), and 6 xian (15) were calculated in the examples following the explanations or algorithms
in the Records. See Dai [1777, 143, 145, 154, 159]. For a detailed discussion of Dai’s principle in the
construction of trigonometric tables, see Chen [2008]. For Dai’s description, see Dai [1777, 164–
166].
117 The law of sines and angle–side–angle and angle–angle–side postulates were formulated in
Algorithm 14 ([Dai, 1777, 172]). The side–side–angle postulate was given in Algorithm 15 (see Dai
[1777, 176]), and the side–angle–side postulate and the law of tangents in Algorithm 16 (see Dai
[1777, 177–178]). Even though the side–side–angle condition in general gives rise to two
noncongruent triangles, one acute and the other obtuse, the practitioner could solve the problem
by determining from the ﬁgure which triangle should be the appropriate solution.
118 The names for these techniques were not mentioned in the text; they only appeared in the
commentary. They were also discussed by Mei Wending in his Spherical Trigonometry. Chuihu fa
垂弧法 (“method of suspending arcs”) divides a spherical triangle into two spherical right triangles;
see Dai [1777, 240–241]. Cixing fa次形法 (“method of auxiliary triangle”) introduces a new triangle
which is either adjacent and complementary to the triangle in question, or the measures of its sides
and angles are those of angles and sides of the original triangle; see Dai [1777, 234–238]. Algorithms
44 and 45 describe bianjiao huqiu fa 邊角互求法 (“method of ratios of sides and angle”), which is
equivalent to the modern law of sines for spherical triangles. This particular method, to Dai, was the
natural extension of the fundamental principle tongxian gougu huquan. It is the spherical version of
the law of sines in Algorithm 15 in Part One. See Dai [1777, 238–239].
100 Jiang-Ping Jeﬀ Chenmethod of sagitta diﬀerence, a general triangle on the sphere was ﬁrst projected onto the
plane inside a circle and then families of similar triangles were formed using the sagittae
of sides of the general triangle and the diﬀerences of some of them. Once again, the analyses
consisted of forming families of similar right triangles and of applying the rule of three to
the appropriate sides to obtain computational algorithms.
The considerable eﬀorts Dai spent in linking the fundamental principle in the Records,
tongxian gougu huquan (“similar right triangles can be used to measure each other”), with
the Chinese concept of yicheng tongchu (“[if] diﬀerent, [then] multiply; [and if] the same,
[then] divide”) underline Dai’s intentions in presenting trigonometry as being of Chinese
origin. It is from this view that I will reassess the Records. First we examine the criticisms
of Dai’s Records.7.2. Criticisms
Most criticisms of the Records revolved around the following facts: (1) lack of original
mathematical results; (2) the abstruseness of the text due to the new measuring unit, new
names for trigonometric lines, and its simplistic yet perplexing writing style; and (3) its fail-
ure to acknowledge the Western origin of trigonometry. These criticisms were not without
merit and are worth discussion here.
The Records was often contrasted with Mei Wending’s trigonometric treatises, just as
Dai was judged against and compared with Mei in the context of their general contribu-
tions to mathematics. In a letter to Jiao Xun 焦循 (1763–1820), Ling Tingkan 凌廷堪
(1755?–1809) mentioned that the subject matter in each part of the Records could already
be found in Mei’s various treatises. This is conﬁrmed by Kawahara Hideki.119 Qian
Baocong also notes that Dai’s algorithms did not go beyond the scope of those in Mei’s
treatises. Qian Baocong, Yabuuchi Kiyoshi, and Kawahara Hideki all describe the scope
of Dai’s algorithms by listing the modern-day trigonometric identities contained in them;
Kawahara even lists the correspondence between individual algorithms and their mod-
ern-day counterparts.120 Based on this observation and the fact that Dai’s analysis always
boiled down to ﬁnding families of similar right triangles related to certain arcs, Yabuuchi
characterizes the Records as “mathematically retrograde.”121
It is almost a consensus that the Records was diﬃcult to understand. Two factors, aside
from the fact that trigonometry was not an easy subject in general, contributed to the dif-
ﬁculties: First, Dai adopted ancient terms or invented new yet ancient-sounding terms
instead of following the commonly used ones; and second, Dai wrote in a simplistic and
abstruse style. Ling Tingkan noted Dai’s adoption of alternative names for angles, sides,
trigonometric lines, and other expressions. He questioned Dai’s practices of treating these
alternative names as ancient and the commonly used one as new; moreover, he strongly
criticized that Dai’s usage of jing 經 (longitude) and wei 緯 (latitude), for example, in the119 Ling Tingkan pointed out that the contents of Part One of the Records could be found in Mei
Wending’s Plane Trigonometry, Part Two in Measured with Prisms, and Part Three, in Huanzhong
shuchi 環中黍尺 (Ruler in a Sphere). See Ling Tingkan [1829, 268]. Kawahara added that the
contents of Part Three can be found in Mei’s Spherical Trigonometry and Ruler in a Sphere. See
Kawahara [1989].
120 See Qian [1934, 147–148], Yabuuchi [1970, 29–30], and Kawahara [1989, 6–7, 9–13].
121 See Yabuuchi [1970, 30].
Spherical trigonometry in 17th- and 18th-century China 101names of the auxiliary latitude and longitude devices, was exactly the opposite of what was
commonly used by their contemporaries. Qian Baocong agrees with Ling’s criticism and
further adds his own that the level of diﬃculty in studying the Records “far succeeds that
in deciphering broken ancient tablets and bamboo strips.”122 Li Yan concludes that based
on the fact that no other scholars followed Dai’s new terms in their own trigonometric trea-
tises, Dai’s practice of adopting diﬀerent terms had little inﬂuence.123
The publisher of the ﬁrst edition of the Records, Wu Sixiao 吳思孝 (18th c.), described
the style of writing in the Records as “not after Qin秦 (221–207 BC) and Han漢 (202 BC–
AD 221).”124 The implication was that the phrases and expressions were ancient and diﬃ-
cult. Dai’s practice of making the writing appear to be ancient added an additional barrier
to understanding an already diﬃcult subject, as Jiao Xun commented in the preface of his
own trigonometric treatise, Shihu釋弧 (Explaining Arcs).125 In the preface to the collection
of mathematical treatises of Li Shanlan李善蘭 (1811–1882), one of the greatest mathema-
ticians in Qing China, the Records was described as “[the writing was so diﬃcult to under-
stand as if Dai] Dongyuan, [in his] book, was afraid that the readers might actually
understand it.”126 From the angle of educating the general public and making the subject
expository, ignoring the commonly used terms and adopting new ones as well as utilizing a
writing style that imitated the ancient style, did not provide easy access to the reader and
therefore hindered learning and invited criticisms.
From the Records and Dai’s other mathematical treatises, it was evident that he had
studied Jesuit trigonometry through Mei’s treatises.127 The seriousness of Dai’s failure to
acknowledge the Western origin of trigonometry may be better understood in the context
of the common practice in 18th-century China, in which scholars generally mentioned and
acknowledged similar research and discoveries previously made by others.128 The gravity of122 In the commentary (cf. footnote 76), when Dai, in the name of his publisher Wu Sixiao 吳思孝,
tried to describe his new terms in terms of the commonly used ones, the phrase “what is now known
as” was often added before the latter. The implication was that Dai’s terms were ancient while the
commonly used ones were new. Clearly, Dai’s contemporaries or later scholars were not fooled by
this. For Ling Tingkan’s criticism, see Ling [1829, 268]. Qian states, “《句股割圜記》 之難讀, 恐非
殘碑斷簡 可比似矣 (The diﬃculty in studying the Records, [I am] afraid, far exceeds [that in
studying] broken ancient tablets and bamboo strips).” See Qian [1934, 149]. The term canbei
duanjian 殘碑斷簡 (“broken ancient tablets and bamboo strips”) is a metaphor to describe
something that is diﬃcult to understand.
123 See Li Yan [1927, 199].
124 This exaggerated description of Dai’s writing style probably meant to promote the Records as
something, or at least comparable to something, from antiquity. For Wu Sixiao’s preface, see the
version of the Records included in [XXSKQS, Vol. 1045, 81].
125 Jiao characterized both Mei’s and Dai’s treatises. He described the Records as, “戴書務為簡奧,
變易舊名, 恆不易了 (Dai’s treatise was especially simplistic and abstruse. [It] changed the conven-
tional names, thus made [learning] even more diﬃcult).” See Jiao Xun [1795, 377].
126 The preface, which was written by Liu Shizhong 劉世仲 (19th c.), compared Li with Mei and
Dai. The text describing Dai’s treatise reads, “. . .東原之書唯恐人解.” See Li Shanlan [1867, 470].
127 That Dai read Mei’s treatises is evident from the Records and from his unpublished manuscript
Simple Methods. In the commentary in the manuscript, Dai twice compared his analysis with Mei’s
in Plane Trigonometry. See Dai [1994, 62, 74]. In the Records, Dai also mentioned Mei’s Plane
Trigonometry, Measured with Prisms, and Rulers in a Sphere, see Dai [1777, 144, 168, 213, 249].
128 For a more detailed discussion on priority debates in 18th-century China, see Elman [2001, 259–
266].
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趙一清 (1710?–1764?) studies on the Shujing zhu 水經注 (Notes to the Classic of Water-
ways). This dispute lasted for more than 200 years and many scholars had diverse views
on it.129 Some scholars, such as Wang Guowei王國維 (1877–1927) and Qian Baocong, cite
Dai’s failure to acknowledge the Western origin of trigonometry as one of his character
ﬂaws.130 Hu Shi, after 20 years of studies on the Notes to the Classic of Waterways, reached
the conclusion that Dai and Zhao made independent though convergent discoveries.131
Given the standard practice at Dai’s time and the fact that he learned trigonometry
through Mei, it is natural for scholars to criticize Dai’s failure. On the other hand, it also
provides more reason to investigate Dai’s motives for not acknowledging his ultimate
sources.
The criticisms of the Records, though correctly identifying its peculiarities, did not bother
to search for the reason why Dai adopted them in the ﬁrst place and why he kept them
during the numerous revisions over a course of more than 20 years.132 To Dai, a famous
philologist in mid-Qing, words and terms were meaningful and important in his scholarship;
thus he should and would have used them with care in his writing. From this viewpoint,
Dai’s adoption of alternatives for names of the trigonometric lines and his arc measure
should be properly explained instead of being frivolously dismissed. This is exactly what
I will do next in order to refute the criticisms and to reassess the Records.7.3. Reassessment
To refute the criticisms of the Records, we start by considering its readership. Dai’s
contributions in collating and restoring the Ten Mathematical Canons were widely recog-
nized and praised. It is diﬃcult to evaluate the inﬂuence of the Records on the development
of trigonometry after the mid-Qing period merely by the fact that Dai’s terms and measuring
unit were not followed by others. After all, the measuring unit for angles and the names for
trigonometric lines introduced by the Jesuits had been in common use since before the Qing
period. However, the inﬂuence of theRecordsmight be greater than previously thought. One
hitherto overlooked piece of evidence supports this view. The Ten Mathematical Canons
published by Kong Jihan and all later reprints included Dai’s Records. In other words, as
the Ten Mathematical Canons reached a wide range of scholars, so did Dai’s Records, by
incident or by (Kong’s) intent. The numerous criticisms of Dai regarding the Records there-
fore were largely a result of the wide readership of the treatise.
In the ﬁrst part of this section, we have already discussed two important characteristics
of the Records as a treatise on trigonometry, namely (1) the unique construction using con-
cepts and terms from Chinese antiquity and (2) a consistent and concise utilization and pre-129 For a brief account of the dispute, see Elman [2001, 263–264].
130 Qian Baocong agrees with Wang’s assessment of Dai and includes this criticism in his paper. See
Qian [1934, 145–146].
131 This is cited from Elman [2001, 264].
132 The ﬁrst edition of the Records was ﬁrst published by Wu Sixiao in 1755. It went through
numerous revisions before being published again after Dai’s death in 1777 by Kong Jihan. For a
more extensive discussion on the editions of the Records, see Qian [1934] or Chen [2008].
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characteristic, namely (3) a quintessence of a self-contained system of trigonometry.133
Dai deﬁned or identiﬁed any mathematical properties and concepts needed in his anal-
ysis on the basis of Chinese sources (the Nine Chapters, the Zhoubi, or Guo Shoujing’s
Workings of the Season-Granting Calendar, to be exact) and explained their validity in
the Records. In both plane and spherical trigonometry, Dai ﬁrst analyzed problems using
geometric ﬁgures, then constructed similar right triangles related to trigonometric lines
of given quantities, and ﬁnally applied his fundamental principle to obtain computational
algorithms. Dai either reduced general triangles to two right triangles or he found alterna-
tive ways to construct families of similar right triangles for them. All the properties Dai
needed were deﬁned and explained in the Records itself. That is to say, Dai’s system was
self-contained in the mathematical sense. The repeated references to the Chinese Classics
also allowed Dai to make the study of trigonometry an integral part of classical studies,
and greatly promoted the status of the study of trigonometry, as Ruan Yuan 阮元
(1764–1849) suggested.134
Furthermore, the Chinese root of every property and concept Dai used in the Records
creates another sense of self-containment—namely, that it is self-contained in the ancient
Chinese methods. Dai only utilized properties known to the Chinese before the arrival of
the Jesuits; and Dai actually showed that all concepts and principles as well as the names
for the eight trigonometric lines and a measuring unit for arcs were “Chinese.”135 Dai’s
eﬀort to make everything Chinese did not prove that trigonometry had already existed in
the Chinese Classics; rather, it revealed Dai’s intention to make trigonometry appear to
have existed in Chinese antiquity.136 Through his consistent analyses of problems in trigo-
nometry with tongxian gougu huquan (“similar right triangles can be used to measure each
other”), a principle well known to the Chinese in the time of the Zhoubi, Dai showed that
trigonometric problems could be analyzed, explained, and solved by Chinese methods, and
therefore that trigonometry could have been developed in Chinese antiquity. Such a view,
although delusional, probably further helped the reception of Western trigonometry by
Chinese scholars.
The Records included a number of criticisms of trigonometric works by other Qing schol-
ars who were proﬁcient in Jesuit trigonometry, such as Mei Wending and Xue Fengzuo
薛鳳祚 (1600–1680). Dai accused them of hiding the aforementioned fundamental principle133 Both Yabuuchi and Kawahara mentioned some of these characteristics in their papers. Yabu-
uchi interpreted Dai’s intention to relate trigonometry with the Chinese Classics and his use of the
proportionality of the corresponding sides of similar right triangles as the obstacle for him to
recognize the deeper meaning of trigonometric lines as “functions” of angles; see Yabuuchi [1970,
31]. Kawahara described Dai’s adoption of the new terms of trigonometric lines as imitating
classical literature and as his desire to use old-fashioned terms as much as possible. Kawahara
acknowledged the consistency in Dai’s use of the properties of similar right triangles in analyzing
spherical problems; but he characterized such practice as “regression” if one had to decompose
whatever ﬁgure was in question into similar right triangles in order solve problems of triangles; see
Kawahara [1989, 17–19].
134 Ruan Yuan [1799, 413].
135 It might seem an exaggeration for Dai to claim that his newly coined names for the trigonometric
lines and the measuring unit for arcs were Chinese; however, he did connect the former with the ju
(trysquare) in the Zhoubi and the latter with the method of circle division in the Nine Chapters.
136 Of course, it is indeed possible that Dai was himself convinced that trigonometry existed in
Chinese antiquity.
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order to promote the Jesuit version of trigonometry.137 To be fair, Mei also applied the rule
of three to corresponding sides of similar right triangles; however, Mei listed many sets of
four lü instead of stating explicitly the corresponding sides of similar right triangles.138 The
subtle diﬀerence between Mei’s and Dai’s presentations was that the former provided
numerous lists of algorithms ready for application while the latter emphasized illuminating
the fundamental principle. Dai’s practice of consistently listing corresponding sides of sim-
ilar right triangles stresses the importance of understanding the underlying principle. One
of Dai’s accomplishments in the Records was that he successfully employed one single
principle to analyze trigonometric problems and that his results from the analysis were
concisely presented in a way that clearly reﬂected the principle. Such a feat should be
considered progress and advancement in mathematics even by today’s standard, instead
of retrogression as described by Yabuuchi.8. Conclusions
The evolution of spherical trigonometry in China was viewed in this paper through the
various media scholars employed to transform problems on a sphere to problems in the
plane. The spherical problems formulated in terms of ﬁnding a side or an angle of a spher-
ical right triangle or spherical quadrilateral can be analyzed via the media by families of
similar right triangles, and then solved by applying the rule of three to these similar right
triangles.
In Complete Principles (1631), one of the earliest treatises translated by the Jesuits, the
media were simply geometric conﬁgurations. The family of similar right triangles was con-
structed directly on the sphere. Mei Wending in his Spherical Trigonometry (1684) followed
this approach, added an extra right triangle and a line to the geometric conﬁguration, and
obtained a complete conﬁguration of a three-dimensional solid, without explicitly naming
or utilizing it.
In Measured with Prisms, Mei presented two kinds of solids as transformation media,
namely tetrahedra and pyramids with a rectangular base, attributing a Western origin to
the former and a Chinese origin to the latter. He ﬁrst employed a qiandu (right-triangular
prism; see Section 5) to enclose these two solids and analyzed the families of similar right
triangles on the cross sections; second, he analyzed the development (the construction of
a pattern that represents the unfolded surface) of the solids to obtain families of similar
right triangles again. He then compared the approach using the pyramid with a method
employed by Guo Shoujing. He ultimately showed that these approaches using diﬀerent
solids followed the same pattern; therefore he reached the conclusion that the Chinese
and Western methods were equivalent.
Dai Zhen started with the development of Mei’s pyramid with a rectangular base and
used it as a transformation medium to obtain families of similar right triangles. He ignored
the Western names in Mei’s analyses, and consistently used the name fangzhi yi (“straight
rectangular device”), which was also sporadically used by Mei for his pyramid, to refer to137 The text reads, “凡一言可該, 必衍為千百言, 多其端緒, 使觀之者目眩, 而莫測其涯矣. (For
[things that can be] explained with one word, [they] expanded into thousands and hundreds of words
[and provided] over-abundant threads of clues. [This] makes the readers foudroyant, therefore
unable to see its end.)”; See Dai [1777, 168].
138 For details on the four lü, see Section 3.
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auxiliary devices to his straight rectangular device. Moreover, based on the devices intro-
duced earlier, Dai deﬁned further devices corresponding to various spherical quadrilaterals
and right triangles located in diﬀerent quadrants of the sphere. He grouped his devices into
collections—one quadrilateral and two triangles in each collection. The correspondence of
the sides of the devices was established so that the computational algorithms developed
using the ﬁrst three devices became applicable to problems that occurred in any part of
the celestial sphere.
Both Mei and Dai presented these solids or devices to support their views on Western
learning versus ancient Chinese methods. Mei repeatedly demonstrated how solids of dif-
ferent origins could lead to the same results, and then proclaimed consequently that
Western and Chinese methods were “equivalent” (tong 通). In contrast, Dai’s intent and
views might appear peculiar because his construction of trigonometry was vastly diﬀerent
from Mei’s and his contemporaries’. He constructed his system of trigonometry from
scratch with alternative names for the same objects utilized by the Jesuits. Starting with a
brief introduction of arcs, chords, sagittae, and their relation to the diameter of the circle,
Dai laid out the foundation of his treatment of trigonometry using Chinese methods. By
adopting ancient or ancient-sounding names for the same trigonometric lines appearing
in Jesuit trigonometry and by implementing a new measuring unit for arcs obtained through
the process of circle division, he placed the Chinese Classics at the origin of trigonometry.
Dai also successfully analyzed and solved trigonometric problems using one fundamental
principle, namely the proportionality of corresponding sides of similar right triangles, which
had been well known to the Chinese before the arrival of the Jesuits. With the ancient-sound-
ing names, an arc measure derived from a procedure used in the Nine Chapters, a “pre-Qin”
writing style, and the solution of trigonometric problems using a “Chinese” principle, Dai
poured the new wine of trigonometry into the old bottle of ancient Chinese mathematics.
He successfully demonstrated that Chinese methods can analyze and solve all trigonometric
problems. All things considered, Dai illustrated or created the illusion that trigonometry had
existed or should have existed in Chinese antiquity. From this viewpoint, Dai’s peculiar
practices in the Records can be properly explained and understood; and so can his intent
in writing such a treatise.
This episode of the evolution of transformation media in spherical trigonometry demon-
strates the mutual dependence of nonmathematical factors and the internal development of
trigonometry in 17th- and 18th-century China. The views of the two Chinese scholars, Mei
and Dai, on general and “Western” learning shaped their respective constructions of and
approaches to trigonometry, which in turn were used by them to support their ideas of
the role of Western learning. It is not surprising that mathematics was used by Qing schol-
ars to further their views on general learning, since mathematics and astronomy were con-
sidered an integral part of the studies of the Classics. It is only logical to expect that the
views of Chinese scholars on mathematics and astronomy should be consistent with their
views on other studies in the Classics. In order to place the role of mathematics and astron-
omy in late imperial China in a proper context, their internal development should be ana-
lyzed along with further external factors such as the larger social changes or scholars’ belief
in studying the Chinese Classics. Such a combination of external and internal views of the
history of sciences will allow us to attain a better understanding and paint a more complete
picture of intellectual history in late imperial China. It is my hope that this article will con-
tribute to this understanding and lead to more results that combine both internal and exter-
nal views.
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